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Preface 
 

 

This e-book contains abstracts and selected papers accepted for presentation at the 7th European 

Conference on Structural Control (EACS 2022).  The conference was held in Warsaw, Poland, on July 

10-13, 2022.  More details can be found on the conference website: http://eacs2022.ippt.pan.pl/ 

 

The European Conferences on Structural Control are a series of international conferences that 

was started in 1996 and progressed successfully over the years under the auspices of the European 

Association for the Control of Structures (EACS).  Its previous editions have been organized in 

Barcelona (1996), Paris (2000), Vienna (2004), St. Petersburg (2008), Genoa (2012) and Sheffield 

(2016).  This conference series provides a lively forum for presentation and discussion of current 

developments and trends in structural control and related fields.  The conference topics cover a wide 

range of areas, including:  

− Active, semi-active and hybrid structural control, passive structural control 

− Structural dynamics and earthquake engineering 

− Sensor and actuator technology, smart materials 

− Structural health monitoring 

− Applications to civil engineering, aerospace, marine and robotic systems 

− Biological and bio-inspired systems 

 

The 7th edition of the conference, originally planned for 2020 and postponed to 2022 due to  

COVID-19, was organized by the Institute of Fundamental Technological Research (IPPT PAN) and  

co-organized by the Committee on Mechanics, both of the Polish Academy of Sciences.  The 

conference hosted 4 general lectures and 7 thematic sessions.  A total of 92 researchers from 

21 European and non-European countries (56% of them from outside Poland) attended the 

conference.  They submitted and presented 77 abstracts. 

 

Structural control is an area of active and dynamic research, which has also a large and obvious 

potential for important practical applications.  The EACS conference series encompasses these new 

research directions and we foresee that this trend will continue to grow in the future. 

 

 

 

Jan Holnicki-Szulc 
David Wagg 
Łukasz Jankowski 
Chairs of EACS 2022 
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Multidomain Synthesis of Vibration Suppression Systems 

Jason Zheng Jiang 

Department of Mechanical Engineering, University of Bristol, UK 

e-mail: z.jiang@bristol.ac.uk 

 

In this talk, the recent progresses will be introduced on the multidomain synthesis methodology of vibration 

suppression systems. Traditional vibration-absorber design approaches rely on introducing specific 

modifications to existing designs – this leaves huge performance possibilities unexplored. The developed 

synthesis-based methodology enables optimum designs to be constructed considering components from the 

mechanical, hydraulic, pneumatic, and electrical domains. The significant performance advantages will then 

be demonstrated via multiple application examples, for both vibration suppression and passive-active-

combined motion control purposes. 
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Mitigation of vibrations with tuned mass damper with inerter 

Przemysław Perlikowski 

Department of Mechanical Engineering, Lodz University of Technology, Poland 

e-mail: przemyslaw.perlikowski@p.lodz.pl 

 

The idea of tuned mass dampers (TMD) has been developed since the beginning of the 20th century. The 

TMD is a device designed to reduce undesired oscillations of mechanical or structural systems. Frahm 

proposed the first solution in 1909. The simple device consisted of a mass and a spring. Its natural frequency 

was tuned to match the damped body's natural frequency. However, it was poorly efficient outside the narrow 

resonance zone. Den Hartog made the improvement by adding a dash-pot between the TMD and damped 

structure, which caused a significant increase in the TMD efficiency range. Alternative idea concerns 

interchanging the linear spring of TMD with the nonlinear one or with purely nonlinear characteristics. The 

other attempts include the application of multiple TMD instead of one. Recently, a novel concept of varying 

the tuned mass damper natural frequency has been applied using TMD with variable inertia. The variability 

of inertia is achieved by adding the inerter with the continuously variable transmission (CVT). 

 

In this plenary presentation, we show the properties of the tuned mass damper with variable inertance 

(TMDVI) and compare its efficiency to existing TMDs. We proposed two possible variants of the TMDVI 

system. The first one is equipped with the belt-driven CVT, and the second one is with a variator. 

Mathematical models of both devices have been developed based on experimental data. Then, we derive the 

model of the main system with the TMDVI. We validate the new idea of the TMDVI with numerical 

simulations and experimental measurements. The proposed device is robust and works efficiently. 
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Structural Health Monitoring of Freight Railroad Bridges in North America 

Billie F. Spencer Jr. 

Department of Civil and Environmental Engineering, University of Illinois at Urbana-Champaign, USA 

e-mail: bfs@illinois.edu 

 

Railroads are one of the most critical components of the U.S. transportation system, accommodating 

transportation for 48% of the nation’s total modal tonnage. Despite such vital importance, more than half of 

railroad bridges, an essential component of railroad infrastructure in maintaining the flow of the network, 

were built before 1920; as a result, bridges comprise one of the most fragile components of the railroad 

system. Current structural inspection practices do not ensure sufficient information for both short- and long-

term condition assessment while keeping the operational costs sufficiently low for mandatory annual 

inspection. In this talk, we present the development of an autonomous, affordable system for monitoring 

railroad bridges using the wireless smart sensors. A complete end-to-end wireless monitoring solution can 

provide relevant information directly from the bridges to the end-users at a fraction of the cost of traditional 

monitoring solutions. The system’s main contribution is to capture the train-crossing events efficiently and 

eliminate the need for a human-in-the-loop for remote data retrieval and post-processing. In the proposed 

system, an adaptive strategy combining an event-based and schedule-based framework is implemented. The 

wireless system addresses the challenges of continuous condition monitoring by completing the wireless data 

pipeline from smart sensors with edge computing capabilities to a scalable, cloud-based data management 

and visualization solution. To demonstrate the efficacy of this system, we present the results of a full-scale 

monitoring campaign on railroad bridges. By overcoming the challenges of monitoring railroad bridges 

wirelessly and autonomously, this system is expected to become an essential tool for bridge engineers and 

decision-makers. 
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The motion dynamics of high-tech, mechatronic systems, such as for example electron microscope, 

semiconductor equipment or industrial printers, can generally be accurately described by linear dynamical 

models. Given this observation, state-of-practice motion controllers for such systems are also linear in 

nature. Nevertheless, fundamental limitations for linear control systems, e.g., due to the Bode sensitivity 

integral, limit the achievable positioning performance. 

 

In this lecture, hybrid control strategies will be presented that yield superior positioning performance over 

linear controllers. In particular, variable-gain controllers will be discussed that strike a superior balance 

between low-frequency reference tracking and high-frequency measurement noise sensitivity. As a next step, 

we propose to use data-based performance optimization by extremum seeking control to optimally tune such 

hybrid controllers in the presence of uncertainties in the system dynamics. Finally, hybrid (reset) controllers 

are designed for motion system subject to friction to ensure superior positioning performance in point-to-

point motions. The effectiveness of these hybrid controller design methodologies will be demonstrated 

through experimental and industrial case studies for electron microscopy and semi-conductor equipment. 
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bistable LRM for the slender water tank is designed and analyzed. The columns are designed such that the 

weight of the tank causes them to buckle in the weak direction while the strong axis of the columns resists 

the earthquake-induced forces and moments. By means of the finite element analysis, the elastic post-

buckling range of the columns are determined. 

 

Figure 2. A bistable LRM cell 

The optimization of the resonator parameters – stiffness and damping - are conducted in the time domain 

using the Kriging-based quadratic low-fidelity metamodeling technique. The metamodel is created by 

evaluating the resonator parameters that are selected by the central composite design (CCD) method. 

Subsequently, the optimized LRM is compared with the linear LRM using a set of ground motions records. 

The comparison is conducted in terms of the response parameters. The results showed that the bistable LRM 

exhibits an improvement in terms of energy dissipation and energy transmission to the superstructure. 

Explicitly, in specific cases, it was observed that bistable LRM isolated the superstructure such that the 

energy transferred to a storage tank is reduced up to 0.8% of the linear LRM case. In terms of median, a 

reduction of 67% is observed.  

The bistable LRM single cell and periodic system dynamics are further investigated in the frequency domain. 

By means of sinusoidal input, the frequency content of the response is investigated. The extension of the 

harmonic diffusion to the anti-resonance effect of the resonators is observed. When we consider a periodic 

system, energy transfer behavior is explored. It is concluded that bistable LRM requires a significantly less 

number of cells to attenuate waves and transfer significantly less energy as the input duration increase. Using 

frequency response functions, the effect of bistability on periodicity and wave attenuation is studied. It is 

concluded that a bistable periodic system requires fewer cells – down to 2 cells- to create a band-gap 

structure at the targeted frequency range, while it also extends the band-gap lower boundary. 
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ON THE DECOMPOSITION OF ACTUATION STRESSES FOR SHAPE 

CONTROL OF VISCOELASTIC SOLIDS AND STRUCTURES IN THE 

PRESENCE OF SHOCK AND ACCELERATION WAVES 

H. Irschik1, M. Krommer1 

1 Institute of Technical Mechanics, Johannes Kepler University of Linz, Linz, Austria 

 

e-mail: hans.irschik@jku.at, michael.krommer@jku.at  

 

1. Area of interest, basic assumptions and methods used 
 

The present paper deals with eigenstrain-induced dynamic shape control of viscoelastic solids and structures. 

Linear viscoelastic bodies that are constitutively described by Boltzmann-type hereditary laws are studied 

under the action of transient forces and prescribed boundary conditions and with a given initial past history. 

We restrict to small deformations, thus dealing with a completely linear setting. Our goal of dynamic shape 

control is to find additional transient distributions of eigenstrain-induced actuation stresses such that the 

resulting total displacements of the body under consideration vanish. Quasi-static problems are included as 

special cases. The eigenstrains we have in mind for inducing actuation stresses are of the piezoelectric type, 

such as those used in smart materials and structures. 

We are interested in analytic formulations for the necessary eigenstrain-induced actuation stresses; the 

question of restrictions on the allowable amount of the eigenstrains needed for producing the required 

actuation stresses will not be considered. Also without such restrictions, shape control represents an inverse 

problem, being ill-posed in the mathematical sense, but being of a high practical relevance also in the present 

linear setting, since engineering structures often are designed to operate in the linear range; due to linearity it 

turns out that solutions for this inverse problem do exist, and that they depend continuously on the input data, 

but these solutions need not to be unique. This gives freedom for minimizing the amount of eigenstrains.  

Our contribution is organized as follows: Based on forthcoming own formulations [1], which extend older 

results of our group on shape control of transient smooth elastic vibrations, we first summarize the general 

conditions that must hold for the actuation stresses in order that the goal of shape control is satisfied also in 

viscoelasticity and when shock and acceleration wave fronts are present. These conditions are formulated in 

a three-dimensional setting and contain both, field conditions that must hold throughout the body outside the 

wave fronts, and jump conditions that must be satisfied across the locations of the fronts. We then treat the 

following question: Is it possible, also under situations, for which imposed transient forces and prescribed 

time-dependent boundary conditions would induce shock or acceleration waves, to decompose actuation 

stresses that are necessary for shape control into two portions, namely into a portion that is stress free, and a 

portion that is free of displacements? Again, in extension of older own results on transient smooth vibrations, 

we develop a positive answer to this question, and present corresponding conditions for the necessary 

decomposition of the eigenstrain-induced actuation stresses. A main theoretical result is that the 

decomposition conditions for shape control are not influenced by the hereditary behaviour of the material, 

but are the same as for the case of a purely elastic body. Our theoretical considerations are accompanied by 

examples from uniaxial wave propagation, giving evidence for the correctness of the derived field and jump 

conditions. The extended problem of displacement tracking, namely to find actuation stresses such that the 

resulting total displacements of the body under consideration do follow some prescribed trajectory, will be 

treated in a future study.  

The mathematical notation of our contribution is motivated by the Encyclopedia-articles by Gurtin [2] on the 

linear theory of elasticity, and by Leitman and Fisher [3] on the linear theory of viscoelasticity. 

Methodologically, our derivation of necessary field and jump conditions for the actuation stresses utilizes 

some consequences of uniqueness theorems given by Edelstein and Gurtin [4]. The present contribution 

extends previous works on shape control and displacement tracking, which are shortly summarized below.  
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2. Some basic previous own works 
 

Our group has been dealing with static and dynamic shape control and displacement tracking of solids and 

structures by eigenstrains since several decades. For reviews, including also works of others, see e.g. [5] and 

[6]. In statics, eigenstrains without deformations, so-called impotent or zero-displacement eigenstrains, were 

addressed by Mura [7] for elastic bodies. Within the same context, the ill-posedness of shape control 

problems as well as so-called nilpotent or zero-stress eigenstrains were discussed by Irschik and Ziegler [8]. 

In static thermoelasticity, Nyashin, Lokhov and Ziegler [9] showed that any static actuation stress in a linear 

elastic body can be uniquely decomposed into a zero-stress and a zero-displacement portion. The extension 

of this decomposition to viscoelastic bodies for dynamic shape control and displacement tracking of smooth 

displacements was given by Irschik and Krommer [10]. For elastic shape control and displacement tracking 

in the presence of smooth displacements, see [11]–[13] and the contributions cited there on structural 

applications. A first account on shape control in the presence of shock and acceleration waves in elastic 

bodies was given in [14] in the context of body force analogies. A more complete elastic study on 

displacement tracking in the presence of shock and acceleration waves was presented in [15]. Extension of 

this work to viscoelasticity will be published in a forthcoming paper [1]. In the present contribution, we add 

and exemplify a viscoelastic decomposition theorem for actuation stresses. 
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1 . Introduction

A semi-active control strategy has been developed that aims at mitigating vibrations in 2D slender, planar frame
structures. It is anchored in the energy management strategy called Prestress Accumulation–Release (PAR) [1].

Structural slenderness is often the result of high expectations for minimum weight of the designed structures.
Such problems are frequently encountered in the case of structures designed to serve in space, where every
additional kilogram put into orbit costs thousands of dollars. This undesirable feature raises a number of prob-
lems, one of which is the low effectiveness of natural mechanisms of vibration damping. In such a case, once
excited, vibrations can result in repeated large deformations of the structure and last for a prolonged time, which
may lead to fatigue damage and stabilization problems.

We have designed a vibration damping system to be used especially in such structures, however not exclusively.
It consists of dedicated, especially designed, semi-active nodes that are used for dynamic reconfiguration of the
controlled structure. These nodes can change their state of operation from frame node connection to a truss-
like connection in a controlled manner. Transition between operating states is achieved by piezoelectric stacks
which uncouple the interacting friction surfaces, thereby eliminating the ability of the node to transmit bending
moments. Proper arrangement of such nodes in the system allows for a momentary change of its mechanical
characteristics in order to significantly increase the dissipation rate and vibration mitigation effectiveness [2]. In
particular, it is possible to extract individual beams from the frame structure and change their state of operation,
leading to a temporary change in the effective stiffness of the entire structure. Such an approach enables the
possibility to control a relatively complex frame structures that consist of many elements. It should be empha-
sized that the semi-active nodes are fail-safe: they remain in their default frame mode of operation when the
source of the electric energy, which powers the control system, fails.

The proposed control strategy works in a closed-loop manner, where the feedback signal is the strain energy
of the controlled structure. It can be either the energy of the entire structure or just one of its elements. This
distinguishes between the so-called global and local versions of the control strategy. The PAR methodology is
embodied here by accumulating the strain energy and releasing it by switching the state of semi-active nodes for
a very short period of time. Such a switch results in the immediate change of kinematic constraints of the entire
structure. Accumulated strain energy induces then high modes of vibration, where the energy is dissipated at
a very high rate by means of standard material damping capabilities. This approach was derived heuristically,
relying on the bang-bang control methodology. Switching moments from frame to truss states of operation of
the semi-active nodes are determined as the local maxima of the feedback signal. Intuitively, such a condition
ensures the highest possible potential of transferring the energy into high-frequency vibration modes.

The equation of motion of a structure equipped with N described semi-active nodes can be presented as:

(1) Mẍ(t) + (C+
N∑
i=1

γi(t)Ci)ẋ(t) +Kx(t) = f(t)

where M, C and K are global mass, damping and stiffness matrices, respectively, and f is the vector of possible
external loading. The terms γi(t)Ci represent the coupling of rotational degrees of freedom (DOFs), which is
modeled through a very high damping of the relative motion between the two selected DOFs. Here Ci is the
matrix of the ith rotational damper, while γi(t) is the corresponding damping coefficient that can be altered and
serves as the control function that implements the derived control strategy.
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In numerical simulations, parameters γi(t) are changed in a bang-bang manner, based on the feedback signal:

(2) γi(t) =

{
0 , at local maxima of Estrain

γmax , otherwise

In experimental work, the global strain energy has to be somehow approximated based on available sensor
readings. Our approach employed laser measurements of in-plane displacements of the frame’s free tip. We have
chosen it as a good proxy for the strain energy changes associated with the eigenmodes which could possibly
be controlled with our hardware. The local strain energy could be reliably measured using a set of strain gauges
attached to the elements of interest. The length of the period in which the semi-active nodes remain in their
truss-like state of operation can be determined in couple of ways. Numerically, the most effective condition
seems to be based on the amount of the strain energy retained in the structure after the switch. However, a very
simple time-based constraint is also sufficient and is preferable in experimental implementations.

2 . Numerical and experimental results

The control strategy has been tested for an exemplary frame structure with two semi-active nodes shown in
Fig. 1. Analyses were performed for the case of free and forced vibrations. Initial displacement conditions for
the free vibration case were set correspondingly to the first and the second natural modes of vibration. In the case
of forced vibrations we used harmonic and random force excitation. Exemplary results, presented in the form
of time evolution of the normalized total mechanical energy (Fig. 1), demonstrate a very high effectiveness
of the proposed strategy in mitigation of vibrations. For the first mode of vibration, the energy is dissipated
almost completely after just two control switching cycles. For the second mode, the energy dissipation is less
effective, however the control system enhances the natural dissipation abilities of the structure to a very large
extent. Other results will be presented during the conference.
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Figure 1: Exemplary frame structure (left) and the comparison of the total mechanical energy for the first and
second natural modes of its free vibration (right)

3 . Conclusions

The proposed vibration mitigation strategy has proven to be very effective in mitigating the vibrations of planar
frame structures. Due to the difficulties in estimating the strain energy of the entire structure, its approximation
must be used in experiments. Controlling the first few vibration modes could be successfully realized based on
in-plane displacements of the frame free end or the related strain readings. This problem does not occur when
the energy of individual elements is used.
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1 . Introduction

The development of car components is becoming more oriented towards lightweight design as the restrictions
for greener technologies are growing stricter. However, lighter parts such as gears come with the additional risk
of emitting more vibrations and consequently more noise. One of the main strategies for reducing the weight of
gears is to apply some holes within the blank since a solid wheel can be considered to be over-designed vis-à-vis
their main functionality. While this approach is popular, the understanding of the dynamic side effects is still
shallow and not deeply investigated in literature. This study represents a basic assessment of the consequences
of lightweight structures from a static and dynamic point of view.

2 . Methodology

A simplified gearbox model consisting of gears, shafts, bearings and a housing was utilized for this study.
The shafts were represented by modified Timoshenko beam elements while the gear bodies were represented
by finite element structures since they allow to detect out-of-plane deformations. A sub-structuring method
based on Craig-Bampton approach [2] was used to limit the number of degrees of freedom of the finite element
components which are in this case the gear blanks and the housing. The bearing stiffness was calculated based
on a steady state non-linear analysis taking into account parameters such as the loading conditions, internal
geometries, clearances, etc. The gear model is inspired from the configuration of Singh et al. [4]. The gears
are represented by their stiffness and inertia, and connected between them with a conceptual spring positioned
along the line of action that represents the time varying mesh stiffness. The calculation of this latter is based on
several iterative methods found in the literature [5–7] accounting for the microgeometry details of the teeth.

The bending and twisting movements are taken into consideration through the use of an embedded finite element
representation of the stiffness inside the gear contact algorithm. Since the gear whine is of main interest in this
study, the non-linear dynamic model of the gearbox is linearized around a static torque condition in order for a
harmonic analysis to be possible. This will assume that the meshing stiffness between the gears is taken as the
average stiffness and the mode shapes of the system will be calculated correspondingly. It should be mentioned
that in these preliminary simulations, effects such as the time-varying misalignment, friction and damping have
been overlooked. While this approach proved to be fairly accurate for standard gears, it lacked when it comes
to modeling the real behaviour if geometrical cavities are being introduced as these latter are expected to cause
the stiffness of the gears to be fluctuating in the circumferential direction. For this purpose, a quasi-harmonic
approach was implemented instead that totally ignores the steady-state assumption [1].

3 . Results

The model was first addressed in terms of its static transmission error (STE) which is considered to be as the
principle source of excitation if the tonal noise is to be tackled [8]. The transmission error occurring due to the
variation of the number of teeth in contact can be expressed in the form of a displacement along the line of
action as the following:

(1) STE(θ1) = Rb2θ2(θ1)−Rb1θ1
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Figure 1: Graphical representation of an 8-hole gear

It is generally calculated for different rotational positions of the driving pinion. With this fact in mind, it can
be assumed that the estimation of the TE value will depend on the local stiffness of the blank, in other words,
whether the meshing region is located above a hole or a land position. The comparison between a normal and
a modified gear shows that the STE increases in the second case. This can be fairly reasonable considering
that a reduced local stiffness will induce additional deformation along the line of action. However, the static
transmission error being speed-independent remains insufficient to evaluate the performance of the system
under normal operating conditions. Thus, the dynamic mesh force (DMF) was addressed for this purpose [3].
The DMF calculation relies on isolating each side of the gear mesh and applying a unit transmission error in the
line of action to determine the individual compliances from the pinion and wheel sides which are then summed
up together to give the total compliance. The inverse of the total compliance gives the dynamic mesh stiffness
which is then multiplied by the harmonics of TE to get the dynamic mesh forces associated to those individual
excitations.

(2) Cmesh(ω) = Cp(ω) + Cw(ω)

(3) D(ω) = (Cmesh(ω))
−1

(4) Fi(ω) = D(ω) ∗ δi

The comparison between the cases showed that the gear having the holes represent a lower overall mesh force.
The reason for this is that the absence of material increases the compliance of the body which decreases the
dynamic stiffness and hence the resulting mesh force. Furthermore, the holes are responsible for the appearance
of sidebands with a particular order related to their number which are considered as additional excitations that
are susceptible of increasing and spreading the response amplitude over larger frequency and speed ranges.

4 . Conclusion

While the gear holes proved to reduce the overall amplitude of the main mesh harmonics, the undesired side-
bands can represent a challenge when it comes to the dynamic tuning of the gears. This calls for a thorough
optimisation regarding the amount of removed material that will guarantee a minimum dynamic response while
still satisfying the basic static conditions.
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Noise and vibration in automotive transmission systems has been a concrete engineering problem for 

decades [1]. Few efforts have been made by experts and scholars to suppress vibrations of this kind with the 

help of vibration controllers following semi-active working principle [2]. In fact, the presence of large 

number of resonant modes and limited available energy make semi-active absorbers favorable in such 

applications. Semi-active systems require an online adaptation of their properties to the host structure 

response. To predict the adaptive points accurately, optimal tuning is helpful. The present research offers an 

optimal tuning of a vibration absorber (VA) to isolate the vibration of a transaxle Getrag DC T300. Since the 

ultimate objective is to reduce whine noise, the favorable frequency range is 2000 to 5000 Hz. The VA is 

supposed to be made of metal cushion which has a density dependant stiffness property providing the 

possibility to supress many modes of vibration. The main idea is to prevent force transmission from a middle 

plate to the rest of transaxle housing. The results revealed an efficient vibration reduction in a wide 

frequency band by implementing an optimally tuned VA relying on stiffness adaptability of metal cushion.    

Figure 1(a) illustrates a transaxle gearbox model with one input shaft, one differential shaft and a lay shaft. 

The circular plate marked in red is the target structure which force transmission to the rest of housing is 

considered to be minimized. Figure 1(b) shows a dynamic model for the gearbox including the transverse 

plate fixed at the edge, with two mass points representing the mass of shafts and associated gears and 

bearings. This thin-walled plate is prone to vibration with out of plane modes which can be suppressed by a 

VA installed normal to the plate with a fixed end. A typical out of plane sinusoidal excitation of 500N 

amplitude is imposed at the plate centre. 

 

 
    

(a)                                 (b) 

Figure 1. (a) transaxle Getrag DC T300, (b) dynamic model. 

 

Considering metal cushion material for the VA, the stiffness property can be adjusted from 0.023×107 to 2.91 

×107 N/m which corresponds to a pre-compression range of 5 to 40% [3]. The numerical design procedure 

for the adaptive VA is given by the flowchart in Figure 2. The first stage is to identify the natural frequencies 

and corresponding mode shapes in the required frequency range. The next step is to evaluate the effect of 

absorber stiffness levels on the frequency response. For this purpose, it is required to design an experiment 

covering the potential range of stiffness as well as including Eigen resonances in the frequency domain. So 

that a set of harmonic analyses should be established in the wide frequency band of interest. In this work, the 

steady state forced vibration problem is solved based on mode superposition approach and defining the 

response and excitation by harmonic functions. 
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It should be noted that the required result for the present study is the z component of reaction force evaluated 

at the plate edge. Presenting this result in the frame of response surface can determine whether the VA is 

adaptable for the frequency range of requirement or not. In fact, the VA is adaptable if the frequency 

response demonstrates meaningful variations by changing the tuning variable, stiffness. If the VA works for 

the desired frequency band, the last step is to conduct narrow band optimizations to minimize the reaction 

force at specific frequencies. 

  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Numerical design procedure of the VA. 
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1 . Introduction

For gearboxes, the major source of vibration during operation, called gear whine arises from meshing of gear
teeth. Structure-borne and air-borne noise are more significant due to implementation of lightweight materials,
and this calls for smarter solutions to tackle this problem. The frequency range of 500-5000 Hz corresponds to
majority of the gear mesh frequencies of an automotive gearbox, for which a feasible active vibration control
solution has to be developed.

An economical test-rig is designed within the LIVE-I project, which is described in a complimentary paper
submitted to this conference by authors. This test-rig employs a unique approach that replaces the traditional
rotating drive machine with a piezoelectric stack actuator to establish a comparable and modular platform for
vibration investigations. The aim of this work is to study the effect of static transmitted torque on the gearbox
system vibration characteristics. This information is valuable in developing suitable control algorithms and
actuator concepts for active vibration control. Challenges related to system behaviour at different static torques
for frequencies higher than 1 kHz are dealt in this work.

2 . Methodology and Preliminary Results

A first step in any Grey-Box identification method is to have some prior knowledge of the system we are dealing
with. The test-rig is a close approximation to the free-free boundary condition, in order to avoid interactions
with external environment. A Finite Element (FE) model of the test-rig is developed to calculate the natural
frequencies and dominant vibration modes of the system. The modes relevant to the housing vibrations give
a preliminary set of suitable sensor positions for vibration measurement as shown in Fig.1. According to [1],
tests for system identification can be classified into two sets. First, the preliminary impulse tests to gain under-
standing of the primary system characteristics like number of poles or zeros (resonances and anti-resonances),
linearity and time-invariance. These determine the system characteristics for potential actuator locations. The
second category of tests is to understand the gearbox vibration behavior in operating conditions.

Figure 1: Test-rig schematic and six preliminary measurement points on gearbox housing
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For the first type of test, an experimental modal analysis was therefore performed on the gearbox with a modal
shaker upto 5 kHz. A good agreement with the FE calculations of major modes were seen. A static load given to
the gear train via a loading screw arrangement, that simulates the input torque from a drive machine. This static
torque gives rise to additional resonances and shifts the resonances at higher frequency ranges due to change in
stiffness, as seen in Fig.2.

Figure 2: Influence of static torque on frequency response at sensor-6 from shaker excitation

For the operational behavior, the transmission excitation, which ideally comes from the drive machine in the
vehicle is replaced by a piezoelectric stack actuator. This excitation mimics the dynamic torque fluctuations
induced into the system at the input shaft of the transmission and the expected bandwidth of operation is 5 kHz.
The system resonances are identified using sweep sine signals from the exciting actuator.

Typical challenges in proper dynamic identification of modes and system behavior lies in the high modal density
in the chosen frequency range of the gearbox structure. These modes may pose as noise amplification zones for
the gearbox in operational conditions. An optimal method is required to design an active control strategy for
this range, which will be presented in detail in the paper.

3 . Outlook and Next Steps

Experimental methods for identification have been studied on various industrial gearboxes in the past [2], the
excitation mechanisms were mostly shakers and electric motors. In this work, we develop requirements for
the housing vibration reduction through experimental identification in the chosen frequency range of interest.
Upon successfully identifying this model, work of this paper will be extended to perform HiL simulations [3] for
implementation active vibration control and novel actuation strategies to mitigate gear whine in the frequency
range up to 5 kHz.

Acknowledgments The work done in this paper is funded by Marie Skłodowska-Curie Actions LIVE-I Project which
has received funding from European Union’s Horizon 2020 research and innovation programme under grant agreement
No 860243.
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1. Introduction 
 

Due to the increasing demand to improve vibro-acoustic comfort, car manufacturers are concerned with the 

vibration and noise problems specially that are generated by gearboxes. In this paper, the vibro-acoustic 

behaviour of a dual-clutch gearbox (Magna-Getrag 7DCT300) is studied using a new method of excitation that 

is used to simulate the vibrations resulting from the gear whine without gear rotation. The aim of this work to 

introduce an economic yet realistic and a non-traditional setup that can be used to study gearbox vibrations. 

This test setup will be used in future to test an integrated active vibration control solution, for automotive 

transmission systems as a part of the LIVE-I project [1].  

Previously, most of the researchers who used active vibration control solutions for transmission systems used 

traditional rotational test setups using motors and braking system or any kind of load as Rebbechi el al. [2] and 

Zech el al. [3]. In addition, others used different methods to excite the transmission systems as Dion el al. [4], 

who used an electrodynamic shaker to study the gear rattle effects.  

 

2. Methodology 
 

The proposed test setup consists of a simplified gear train of the dual-clutch transmission with two gear pairs 

engaged as well as the gearbox differential, while the rest of the gear pairs are removed, including the forks 

and synchronizers. The gearbox is excited through a piezoelectric stack actuator connected to the gearbox input 

driveshaft through a lever to induce a dynamic torque, the excitation mechanism can be shown in Fig. 1. In 

addition, the system is preloaded with a static load to have the same situation as for the rotating system with 

contact on the drive flanks, and this preload can be adjusted to study different stiffness sitautions in the bearings 

(non-linear effects) later on. The excitation takes the normal transfer path from the input shaft to the gears, 

bearings, then finally to the housing. The gearbox is fixed in a free-free boundary conditions by hanging it 

using rubber cords that are fixed to a steel frame. The test setup can be seen in Fig. 2.  The excitation parameters 

(frequency, harmonics, amplitudes and phases) can be adjusted through a signal generator. The gearbox can be 

excited up to 5000 Hz, which can cover the most important harmonics of the gearbox. Several accelerometers 

are attached to the gearbox housing to measure the vibrations and a sound level meter is fixed near the gearbox 

to measure the sound pressure. 

 

3. Results and Discussion 

 

As it can be seen from Fig. 3, upon exciting the gearbox by a sine wave through the input shaft, harmonics of 

the input signal could be successfully captured by the accelerometers on the housing. The acceleration values 

are close to the real accelerations generated in a real rotating gearbox. These harmonics are generated due to 

mainly two reasons, the mechanical system of the gearbox with the gear contacts, and the piezo stack actuator 

nonlinearities which also induces harmonics to the system. 
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Figure 1: The excitation mechanism.  Figure 2: The test setup showing the 7DCT300.  

 

 
Figure 3: Acceleration spectrum showing harmonics captured with a 1000 Hz sine wave excitation. 

 

4. Conclusion 

 

A new proposed test setup is used to simulate the vibrations and noise of an automotive transmission system, 

by exciting the system using a piezo stack actuator. The vibrations and noise emitted through the gearbox 

housing include the harmonics of the exciting frequency, as well as amplitude values of acceleration close to 

the real running conditions. The exciting system shows great flexibility to induce excitations that simulate any 

running speed and meshing frequency with its harmonics. This finding will be useful to develop an active 

vibration control system to mitigate the noise and vibrations emitted from the system.  
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There is clear need for development of the so-called Smart Space (complementary to satellite earth observation 

systems). It is motivated by the following factors and requirements: 

− drastic cost reduction of earth observation and telecommunication services, 

− stratospheric / tropospheric observation systems provide better image quality, 

− stratospheric engineering for eco-cosmos (reduction of the cosmic trash problem).  

 

Promising applications for monitoring aerostats might include: 

− monitoring of forest heritage in Europe, 

− monitoring of climate changes, 

− agriculture monitoring. 

 

This contribution will focus on and discuss a number of technological challenges that have to be solved for 

a successful development of Smart Space, including: 

− option of economic hydrogen for LTA aerostats (vs. safe helium practice), 

− photovoltaic energy supply for long-term stratospheric missions, 

− innovative approach to short-term missions: 

− initial elevation (by warmed air balloon, aircraft, rocket, etc.), 

− controlled V-mobility and H-mobility, 

− tethered LTA aerostats and their applications, 

− Top-Drop – safe evacuation techniques for stratospheric / tropospheric wastes, 

− SKYLAB (warmed air balloon) and testing technique for scaled aerostat models, 

− various techniques for mitigation of impact born vibrations in ultra-light LTA structures. 
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1 . Introduction

Recent technological advances in the lighter-than-air vehicles allow for constructing bigger and bigger struc-
tures such as High-Altitude Pseudo-Satellites (HAPS), e.g., airplane Zephyr S developed by Airbus, Russian
airship Berkut or autonomous, multi-mission, stratospheric, French airship Stratobus. Long-term missions re-
quire periodic replenishment of lifting gas losses using additional gas storage tanks due to lack of gas-tightness
of aerostat shell. On the other hand, for the application in short-term missions particularly at low and medium
altitudes (e.g. for aerial monitoring), the adaptive aerostats with controllable chamber volumes without gas ac-
cumulators can be applied. Such adaptive aerostats based on telescopic sections (see Fig. 1a) and supporting
tensegrity-like structures (see Fig. 1b) are presented in [1] and [2,3], respectively. Application of slightly over-
pressurized chambers and adjustment of their volume allows to maintain constant aerostat altitude or change it
in a controlled way, even in the case of small leakage of the lifting gas into the atmosphere.

Another type of adaptive aerostat reinforced by external coatings connected by inextensible belts (or tendons),
is presented in Fig. 1c. The belts are elongated or shortened by remotely controlled electric devices. Excessive
aerostat volume growth can be also restricted passively by application of belts with designed extensibility.

(a) (b) (c)

Figure 1: Schemes of adaptive aerostats controlled by: (a) telescoping sections, (b) tensegrity-like supporting
structures and (c) belts connecting membrane reinforcement

2 . Adaptive aerostats & volume measurement

The aerostat movement can be perturbed by different factors, e.g. diurnal temperature fluctuations and solar
radiation, changes of wind speed and wind directions as well as lifting gas losses. The basic feature of adaptive
aerostats is ability to change its shape and volume in order to control the motion in horizontal direction (H-
mobility) and vertical direction (V-mobility). Therefore, the application of such aerostats is a very appealing
solution. Generally, the volume V of the airship with telescopic-like sections, or with internal tensegrity-based
structure, or with membrane reinforcement can be expressed by the volume control variable ε, defined differ-
ently for various types of adaptive aerostats. Equation of motion for the aerostat without propulsion system and
constant total mass mt can be written in the following form:

mt
d2x

dt2
= −Qdh cos(α), mt

d2y

dt2
= −Qdh sin(α), mt

d2h

dt2
= −Qg +Qb −Qdv,

where the coordinates (x, y, h) and resulting forces are illustrated in Fig. 2a. In the above equation, the subse-
quent terms denote:
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• weight of the aerostat: Qg = mt g(h), where g(h) is the altitude-dependent standard gravity;
• buoyancy force: Qb = ρa(h)g(h)V (ε, h), where ρa(h) is the altitude-dependent air density and the

volume V depends on the volume control variable ε;
• vertical aerodynamic force Qdv = sgn(vv)cx(vv, h)ρa(h)Av(ε, h)

v2v
2 , where vv is the vertical velocity,

cx is aerodynamic drag coefficient and Av is the horizontal cross-section of the aerostat which depends
on the volume control variable ε;

• horizontal aerodynamic force Qdh = sgn(vh)cx(vh, h)ρa(h)Ah(ε, h)
v2h
2 , where vh is the vertical velocity

and Ah is the vertical cross-section of the aerostat which depends on the volume control variable ε.

The aerostat volume is one of the key features influencing its altitude in operational conditions. Therefore, in
order to prepare a reliable numerical model, the preliminary laboratory tests aimed at volume changes mea-
surements has to be performed. In conducted tests the whole extensible aerostat polyurethane membrane is
reinforced by a textile material reducing its excessive deformations as presented in Fig. 2b. The volume mea-
surement is conducted using non-contact, optical method – stereo photogrammetry based on triangulation prin-
ciple. The hardware part is composed of two cameras recording double picture of the model covered with
dedicated markers, in order to reconstruct the three-dimensional surface.

(a)

Qb

Qg

Qdv

Qdh
α

x

y
h

(b)

Figure 2: (a) Forces acting on the aerostat, (b) Model of the aerostat during volume optical measurement

3 . Conclusions

In the article we discuss three types of adaptive aerostats with ability to control volume and shape using spe-
cial construction and additional devices. Application of adaptive aerostats enables modification of the planned
missions due to e.g. changing weather conditions, extension or shortening of mission duration or even enforced
landing in emergency circumstances. Moreover, the applied additional devices facilitate hanging the payload
and/or propulsion system. On the other hand, the added structures or devices contribute to the total mass of the
airship which leads to decreasing payload or shortening of the operational time. The control mechanisms makes
aerostat construction more complicated, and in the case of tensegrity structure may cause envelope damage, if
one of bars is damaged or broken.
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In the class of ultra-light structures (e.g. space structures) there is a strong need for innovative techniques 

allowing suppression of impact born vibrations (due to lack of sufficient material damping). Therefore, 

the objective of our SAI concept is to propose an effective technique, allowing suppression of impact 

born vibrations with zero mass added to the ultra-light structure and based on the following steps: 

− design multi-layer structure with option for semi-active “delamination” control along the 

contact interfaces (slipping lines) 

− apply an actuator realizing the on/off type of semi-active control for slipping lines’ activation, 

playing the role of structural clutch (cf. the actuator in so-called PAR vibration suppression 

technique, [1-4]). 

− apply various characteristics for the contact interfaces (friction coefficients) 

− apply various control strategies for suppression of vibrations, depend on the case study and 

dynamic excitation. 

Case study of two-layer beam dynamically excited shows significant effect on vibration suppression 

caused by their delamination and internal friction provoked. In case of random, impact born vibrations, 

proper initial prestressing can allow increasing of the final damping effect, due to stored additional 

slipping distortions available. In case of several potential slipping lines and various ways of dynamic 

excitations, more sophisticated algorithms for optimal solutions, like AI, can be applied for effective 

suppression of vibrations. 
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Abstract 
 

Development of unmanned aerial vehicle (UAV) technologies contributed at the same time quite 

significantly to the development of the imaging technologies. Running alongside with the progressive 

miniaturization of the electronic circuits and the use of new materials in optics, ultra-light, compact and more 

and more advanced devices for recording static or video images have been developed and are currently 

widely applied for remote detection of various phenomena and processes occurring the geographical 

environment. 

An interesting alternative to drones, the most commonly used UAVs, seems to be an aerostat. It can be seen 

as a developmental platform for raising various types of imaging instruments above the surface of the Earth. 

This text presents a review of the first experiences related to the operational use of the MoniKite aerostat to 

obtain multispectral remote sensing images using the MicaSense Altum camera, their photogrammetric 

processing and the possibility of obtaining reliable indicators/indices/metrics such as NDVI or NDRE 

derived during digital processing of multispectral imagery. 

These experiences have been collected during the activities carried out under the NCBiR research program, 

TANGO 4, entitled Adaptive aerostats, stretched on the SDT (Self Deployable Tensegrity) support structure, 

as a platform for multi-thematic monitoring of the Earth's surface (Aero-SDT). The works are carried out by 

a research and implementation consortium led by the Institute of Fundamental Technological Research of the 

Polish Academy of Sciences, and technological partners of ADAPTRONICA Sp. z o.o. and GEOSYSTEMS 

Polska Sp. z o.o. 
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1. Introduction 
 

Novel systems for specialised airdrop operations are still elaborated and used in military, commercial, rescue 

and humanitarian applications. Each application implies different requirements for the system construction and 

its performance. Moreover, the touchdown conditions can significantly vary, and the airdrop system should be 

robust to possible disturbances. This paper discusses development of a new general-purpose airdrop capsule. 

The proposed system guarantees efficient mitigation of impact during capsule touchdown and enables efficient 

protection of the transported cargo.  

 
2. The concept of adaptable absorber  
 

According to the analysis presented in [1-2] an efficient reduction of the loading transmitted to the airdrop 

capsule can be obtained by using adaptable pneumatic shock-absorber. The concept is based on application of 

two concentric cylinders (Fig. 1a) - the upper with vent of optimized shape and the lower with narrow 

longitudinal slot. During touchdown the relative cylinders’ motion provides compression of the gas and initial 

increase of reaction force, while overlapping of the slot and the vent provides proper release of gas and 

maintaining constant reaction force level (Fig. 1b). As a result, the obtained change of generated force enables 

stopping vertical motion of the capsule with minimal value of deceleration. Adaptation of the system to various 

loading conditions is executed with the use of specially adjusted shutters [3], which change both the 

compression distance and the vent shape. 
 

    

 
3. The airdrop capsule with adaptable valve 

 

In another solution based on a similar operating principle, the airdrop capsule is equipped with a parachute, 

self-deployable airbag with highly elastic internal skeletal structure and adaptable valve (Fig. 2a). The airbag 

is deployed and inflated just before touchdown using gas from external accumulator or ambient air flowing 

through specially designed holes located in the envelope. The adaptable valve is used to control the outflow of 

air from the airbag during touchdown in a predefined manner. The valve is composed of external housing with 

(b) 

Figure 1: a) adaptable pneumatic shock-absorber, b) basic characteristics of the adaptable absorber 

(a) 
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an optimally designed vent and a mobile piston (Fig. 2b). The motion of the piston, which is driven by pressure 

of internal gas, causes gradual overlapping of the vent and change of the gas outflow area. Due to appropriate 

shape of the vent in the valve housing, it is possible to obtain desired change of gas pressure inside the airbag 

and maintain constant value of total reaction force acing on the capsule.  

 

The adaptation to various touchdown conditions can be provided by modification of valve characteristics 

before the touchdown process. This can be achieved by change of stiffness of the spring supporting the valve 

piston, adjustment of the mass of the valve piston or modification of the friction force acting between the valve 

piston and the housing. In an alternative solution, the supporting spring can be replaced by micro-actuator, 

which allows to obtain semi-active system with full control of the gas outflow and wide range of system 

adaptivity to different touchdown conditions.  
 

a)

4 3

2

1

 b)  

123

4
 

 

Figure 2: a) airdrop system composed of: capsule (1), airbag (2), adaptable valves (3) and parachute (4),      

b) components of the discharge valve in a version with micro-actuator: (1) micro-actuator, (2) valve housing, 

(3) valve piston with a sealing, (4) optimally shaped vent 

  

The paper presents numerical analyses aimed at optimal design of the shock-absorption system for the airdrop 

capsule. The special attention will be paid to the adaptable valve which can be considered as a crucial 

component in providing efficient touchdown mitigation. The proposed mathematical model of the airdrop 

system will be used to determine optimal change of gas outflow from the airbag for various capsule mass and 

touchdown velocity. Further, the model of the adaptable valve will be applied to compute optimal shape of the 

vent for the assumed range of touchdown scenarios. Finally, we will present the results of system adaptation 

obtained by modification of valve spring stiffness, valve piston mass and piston-housing friction coefficient. 

 
4. Conclusions 

 

The paper discusses the innovative airdrop system equipped with airbag and discharge valve. The authors 

propose novel design of the shock-absorption system based on adaptable valve with optimally shaped vent and 

methodology of its adaptation to different touchdown scenarios. The proposed solution is expected to ensure 

safety of the touchdown process and efficient protection of the cargo.  
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To broaden the knowledge of aerosol optical and microphysical properties, researchers have employed both 

remote sensing techniques and in situ methods using various atmospheric probing platforms. Modern miniature 

equipment measuring the concentration of particulate matter (PM2.5 and PM10), and the equivalent black 

carbon (eBC) concentration can be mounted on tethered balloons, UAVs, and cable cars to perform vertical 

profiles of atmosphere. This work presents a methodology for obtaining vertical profiles of aerosol properties 

using different measurement platforms and a combination of measurement techniques. 

One part of the presented data were obtained under the iAREA (Impact of absorbing aerosols on radiative 

forcing in the European Arctic) campaigns conducted in Ny-Ålesund (Spitsbergen) during the Arctic haze 

seasons of 2015 and 2016. Black carbon (BC) concentration profiles were made using a micro-aethalometer 

AE-51 mounted under a tethered balloon. Results were obtained in an altitude range from about 400 m up to 

1600 m a.s.l. and for cases with increased aerosol load. The main results consist of the observation of increasing 

values of equivalent black carbon (eBC) and absorption coefficient with altitude, and the opposite trend for 

aerosol concentration for particles larger than 0.3 mm [1].  

In 2018 a three-week research experiment was organised in the Mt. Szyndzielnia area (the Silesian Beskids). 

Smog in Bielsko-Biala (southern Poland) during the winter season was examined. The main objective of this 

study was to understand the vertical variability of aerosol optical and microphysical properties under different 

meteorological conditions. An AE-51 micro-aethalometer and PMS7003 and OPC-N2 optical particle counters 

were mounted on the cable car and used to measure the profiles of eBC, the concentration and aerosol size 

distribution [2]. 

Miniature sensors for determination of aerosol size distribution were also tested on the MoniKite airborne 

platform. Test flight was made in June 2022 in Jabłonna (near Warsaw). Vertical profiles of concentrations 

aerosol particles were determined using a aerosol particles counter SPS30. This method allowed multiple 

profiling in boundary layer up to approximately 250 m. 

Tests conducted in the Institute of Geophysics Polish Academy of Sciences on UAVs show that to obtain 

acceptable results of measurements from small sensors, special measurement techniques should be applied. 

Due to fluctuations of measured values, an averaging of data should be done. It can be done in post processing 

by dividing profile into layers, but also by making the profile itself. Stopping for a certain time on specified 

levels every e.g. 10 or 50 m gives better results than making multiple profiles in short time. 
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1 . Introduction

Data-driven approaches obtained a prominent place in industrial data interpretation problems. A vast amount of
applications rely on some form of autonomous decision making or data processing to facilitate the work of hu-
man experts or enable the processing of large-scale datasets gathered in contemporary industrial environments.
These approaches are commonly divided into natural optimization, machine learning, and fuzzy-logic-based
solutions [3].

However, despite the enormous progress made in artificial intelligence-related areas in recent years, several
pitfalls and challenges undermine the practical implementation of autonomous decision-making systems in
mechanical systems research. Structural Health Monitoring (SHM) suffers particularly from this issue [1, 2].

This work describes a selection of these challenges with practical examples of dedicated solutions or require-
ments that need to be met while designing reliable monitoring methods. The list includes possible sources of
data leakage undermining the final efficiency of the decision systems, design of unbiased system testing pro-
cedures, challenges related to the acquisition of representative datasets, moving the monitoring systems from
laboratory to real-life conditions, and transferability of obtained results to other problems of a similar type.
Several approaches to addressing these problems are proposed. Finally, an overview of the most promising
future research directions is given.

2 . Structural Health Monitoring as a source of data

A typical SHM system is built with a clear goal in mind: To detect (and possibly: classify) future damage in
a given structure early enough, so proper maintenance decisions can be made ahead of time. To this end, such
a system should first be given relevant data to learn to properly recognize general classes of undamaged and
damaged systems. Since gathering examples representing different damage states on the structure that is to be
monitored is usually infeasible, we usually get such training information from similar structures in the hope
that they are similar enough so the generalization can be achieved. Several approaches for generalization can
be distinguished here:

Numerical simulation, where we design a numerical simulation of the monitored object with and without
damages

Artificially introduced damage, where we use monitored object but artificially introduce removable damage
- that is: simulated faults that can be introduced and deleted without affecting long-term structural health

Historical data from similar objects, where we assume that all objects from the same family share detectable
reaction to early damage

While these three general approaches come with their own set of challenges in terms of providing enough
similarity so that the generalization can be performed, the most important issue is that usually, neither of
them is efficient in terms of large datasets generation. Numerical simulations are time-consuming, Artificially
introduced damage requires costly experiments and a lot of human effort, and the historical database can only
be gathered if a monitoring system is already operational in the first place. As a result, datasets used in SHM are
often not general and diverse enough and should be perceived as more challenging than it is commonly done.
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3 . Data processing and interpretation challenges

3.1 . Decision systems constraints

Data leakage in ML happens if the training and testing procedures use information that would not be available
in practice when the system is at its production stage. This phenomenon may be caused by errors in data
acquisition, sampling, augmentation, or splitting into subsets and is often concealed by improper (not-rigorous-
enough) testing stage. What is more, many decision systems contain many hyperparameters that significantly
affect the outcome. Their selection can be made using a subset of training data, with an unfortunate trade-off:
The more data we spend for designing the decision system’s structure, the less data we have for the training
of this system. However, suppose we spend too few data samples for hyperparameter setup or use any of the
other data subsets to this end. In that case, we risk having a system that overfits and simply remembers proper
answers for a given set of testing data.

3.2 . SHM requirements

Structures are built to endure. For this reason, it is orders of magnitude more likely that the structure at any
given point in time is healthy than that it is damaged. Consequently, if an SHM system has any chance of
producing false positive indications, it will produce almost entirely false calls from the operator’s point of
view. The methods should then be configured in such a way as to reduce the false positive rate to 0 - often
rendering their damage-detection capabilities to be crippled as well. Moreover, SHM systems are intended to
operate in variable operational and environmental conditions. The structures are subjected to variable loading
and temperature; they age, gather dust, suffer from harsh weather, and are operated in a sub-optimal way.
The same stress is usually put on the sensors and data-acquisition units. As a result, gathered data are often
noisy. At the same time, the decision systems should be general and robust enough, so the early damage cases
are detected reliably under a majority of possible circumstances. This problem is orders of magnitude more
challenging than a reliable laboratory setup where all the parameters can be measured and taken care of. For
this reason, successful testing of a monitoring concept in a laboratory marks only a beginning of a long road
towards real-life implementation.

4 . Future research directions

The future work suggestions emerging from this paper are mainly aimed at bridging the gaps that render SHM
datasets not diverse enough and cause the described challenges to arise. In the author’s opinion, the SHM
community would benefit from researching better similarity estimates between structures, more rigorous testing
procedures that would be able to pinpoint data leakage and overfitting cases and development of a general
benchmark datasets that span over large families of similar structures to develop population-based and Deep
Learning approaches.
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1. Distributed fibre optic sensing 
 

Distributed fibre optic sensing (DFOS), in contrast to conventional spot gauges, allows the measurements to 

be performed continuously along the entire measurement path. Thanks to that approach, the profile of 

measurand (e.g. strain or temperature) is obtained with extremely high spatial resolution [1] instead of 

a single number. This is the essential feature of this technology and its most significant advantage at the same 

time, as local damage detection is now truly possible. However, to utilise the benefits coming from DFOS, 

both appropriate measurement tools (sensors) and installation procedures must be applied. 

 

2. Distributed fibre optic fibres and conventional cables 
 

Usually, the standard telecom optical fibre in the primary coating has a diameter up to 250 µm. It could be 

used as distributed sensor under laboratory conditions. It is too fragile for civil engineering and geotechnical 

applications. That is why several different types of sensing cables [2] are produced using the technologies 

known from telecommunication, i.e. including many intermediate layers (Fig. 1a). These layers protect the 

fibre against mechanical and environmental influences, but they also can disturb the strain transfer 

mechanism [3] due to the random (uncontrolled) slippage between the layers. What is more, steel or plastic 

components significantly limit the high elastic range of the optical fibre itself. It is much more beneficial to 

use materials with decreased elastic modulus [4] as it is easier for the sensor to reflect the actual structural 

behaviour of the monitored component. 

 
Figure 1: Cross-section and the view of the example: a) conventional layered cable; b) innovative composite 

DFOS strain sensor with a monolithic cross-section. 

 

3. Innovative sensor for temperature and strain measurements 

 

The new quality is provided by composite and monolithic sensors, which overcame the existing limitations 

of layered cables. First of all, they are produced in the pultrusion process, which fully integrates the fibre 

inside a monolithic core (without any layers) [5]. Application of high-elastic composite provides extremely 

high strain range, even up to ±40 000 µε (±4%). So, the sensors can be successfully used to monitor cracking 

in the concrete [6] or yielding in the steel. They are also durable and fully resistant to corrosion, which is 

extremely important in terms of long-term structural health monitoring. Outer braid (Fig. 1b) provides 

perfect bonding properties with the surrounding material.  
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Composite DFOS sensors can also be successfully used for temperature monitoring. Thanks to their 

monolithic cross-section, they are characterised by the linear thermal coefficient for strain results 

compensation in the form of a single multiplier. Appropriate additives added during production, significantly 

increase thermal conductivity so that the sensor's response to temperature changes is as fast as possible. On 

the other hand, multiple layers in conventional cables are made of materials with different thermal expansion 

coefficients. This results in their mechanical interactions distorting the correct temperature measurements. 

Their datasheets do not define the coefficient needed for thermal compensation of the strain readings. 

 

4. Example application 

 

The high-quality performance of monolithic and composite sensors was proved in the lab and many field 

applications, including challenging geotechnical conditions. Fig. 2 shows one of the highest road 

embankments in Poland equipped with innovative DFOS sensors along its base. The purpose of the 

measurements was to obtain temperature profiles along the entire length (Fig. 2b) to compensate for the 

results from other techniques. Unique data show that temperature gradients can reach up to 10°C over 

a distance of 15 m, depending on actual weather conditions, sun exposition and geometry of the slopes. 

   
Figure 2: The view of the road embankment and example temperature profiles measured at its base [7] 

 

6. Summary 

 

Innovative composite sensors with monolithic cross-sections can create an auto-diagnostic system integrated 

with the monitored structure, detecting minor changes in the measurand (strains or temperatures) with 

extremely high precision and accuracy. Together with a DFOS-based datalogger, such a system can be 

compared to the nervous system in the human body, informing about any threats at any point of the structure. 
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1 . Introduction

Despite significant advances in structural health monitoring (SHM), the design of contact sensor networks and
their power supply for large-scale structures is still expensive and difficult [2]. Due to the recent progress in
computer vision (CV) it is possible to monitor structural components or even whole structures with the aid
of digital cameras that allow to avoid the use of the contact sensors [4]. However, CV-based measurements
have a significantly lower accuracy than the techniques based on the contact sensors. Moreover, the amount
of benchmark data available for development, testing and comparison of CV-based methods is limited. This
problem has been partially overcome in recent years by the use of the physics-based graphical models (PBGM)
in generation of synthetic but realistic video data [3].

In this work, a comparison of two popular methods of CV-based object tracking applicable in SHM is dis-
cussed. PBGM-based videos used in this study are a part of “The 2nd International Competition for Structural
Health Monitoring” [1]. Exact structural displacements are available due to the fact that PBGM-based video
are generated using the structural model. Hence, calculation of the error metrics is straightforward and reliable.
The PBGM-based videos show a spatial truss subjected to an unknown excitation (Fig. 1).

2 . Computer vision-based methods of estimation of the dynamic displacements

Two popular methods are tested on the PBGM-based video:

Normalised cross-correlation-based template matching (NCCTM). Template matching is one of the most
accurate and popular methods of object tracking due to its relatively high accuracy. Displacements of the joints
are estimated as the position of the template, including tracked truss node, that is matched with a sub-region
of a usually larger region of interest (ROI) in the currently processed video frame. In this case matching is
obtained by maximization of the normalized cross-correlation (NCC) between the template and the ROI. In
order to achieve a sub-pixel precision, the NCC is interpolated with an eight times denser mesh.

Kanade–Lucas–Tomasi algorithm with repetitive correction (KLT-RC). In this case, the problem of the
estimation of the nodal displacements can be divided into three parts. The first part is the initiation of the algo-
rithm by extraction of the corner points in manually selected ROIs (Fig. 1) with the Harris–Stephens detector.

Figure 1: Frame of a PBGM-based video showing the investigated truss structure, manually selected truss nodes
(marked by the red rectangles) and extracted corner points (marked by the white crosses “+”)
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(a) (b)

Figure 2: (a) vertical displacements of the 8th node obtained with the KLT-RC method and (b) comparison of
the standard deviation of the estimation error in relation to the standard deviation of the exact displacements, qi
– vertical displacements of ith node, qei – corresponding exact displacements

The second part is tracking the points with Kanade-Lucas-Tomasi (KLT) algorithm that minimizes the sum
of the squared differences between the subsequent movie frames in the neighborhood of the extracted corner
points. Estimated displacement between subsequent frames is added to the total displacement of the truss node.
Such an incremental approach results in error accumulation during long-term tracking. Thus, in the third part
of the algorithm, a repetitive correction of the nodal position with the aid of feature matching is employed.

3 . Results of comparison

The PBGM-based video with full-HD resolution and the frame rate (equivalent of the sampling frequency) of
120 fps are used for object tracking. Exact vertical displacements of the nodes 1–16 are known. As an example,
the vertical displacement extracted from the video for node 8 with the KLT-CR method is compared with the
exact value in Fig. 2a. Relative estimation errors for each node and for all nodes are shown in Fig. 2b.

Averaged error for the NCCTM is 10.1 %, whereas for the KLT-RC it is 13.6 %. The estimation error is
significantly greater for the nodes close to the structure supports (1st and 9th node, Fig. 1). The reason is
the fact that smaller displacements result in a greater sensitivity of the tracking to disturbances. Moreover, the
response of these nodes has a relatively larger participation of higher order modes. The NCCTM is less efficient
in terms of the tracking frame rate which is 3.6 fps, while the KLT-CR achieves the frame rate of 100 fps.

4 . Conclusions

Both tested methods, NCCTM and KLT-RC, achieve comparable accuracy for the tested PBGM-based video.
The NCCTM is more accurate (10.1 % vs 13.6 % of the noise level) but much slower (3.6 fps vs. 100 fps).
Thus, the choice depends on the application of the CV-based measurement.
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1 . Abstract

Optimal sensor placement (OSP) strategies are important for health monitoring of civil engineering systems.
The OSP should account for modeling uncertainties that arise from system operational conditions, as well as
uncertainties associated with the excitation characteristics. A Bayesian OSP method for parameter estimation
[1] in linear and nonlinear models is extended to take into account the modelling and input uncertainties. The
optimal sensor locations are selected to maximize the information gained from the sensors for evaluating the
system parameters representative of its healthy and/or deteriorating condition over a monitoring period. Such
information gain is defined as the Kulback-Leibler divergence between the prior and posterior distribution of
the model parameters estimated using Bayesian inference. To design an optimal sensor configuration robust
to system modeling and input uncertainties, the utility function is taken as the expected information gain over
all possible data that would arise under all possible model and input realizations. Asymptotic approximations
are proposed for estimating part of the multidimensional integrals arising in the utility formulation in terms
of the sensitivities of model responses at the measured locations with respect to the estimated parameters.
The remaining multidimensional integrals over the prior distribution of the model parameters, the modeling
uncertainties and input variabilities arising in the formulation are estimated by using Monte Carlo methods.

Keywords: Bayesian Optimal Sensor Placement, Parameter Estimation, Stochastic Excitation, SHM.

2 . OSP for parameter estimation considering model and input uncertainties

The robust OSP design for estimating the model parameters θ maximizes the expected information gain over all
possible data that can be obtained over all possible values of the model parameters and the input realizations.
Let φ be a parameter set containing the uncertain non-updatable model parameters, the model prediction error
parameter and the uncertain input parameters accounting for the stochastic nature of the input. Let also δ be
the sensor configuration. It can be shown that asymptotically for the large number of data and small prediction
errors, the expected utility function to be maximized with respect to the sensor configuration δ is given by the
multi-dimensional integral:

(1) U(δ) = −1

2

∫
Θ

∫
Φ
ln

det[Q(δ; θ, φ) +Qπ(φ)]

detQπ(φ)
p(θ) p(φ)dθ dφ

where Qπ(φ) is the inverse of the covariance matrix of the Gaussian prior distribution and Q(δ; θ, φ) is the
Fisher information matrix, a semipositive definite matrix given by:

(2) Q(δ; θ, φ) =

nd∑
k=1

∇θg(θ; δ, φ)
T Σe(θ;φ)∇T

θ g(θ; δ, φ)

∇θ = [∂/∂θ1, · · · , ∂/∂θnθ
] is the gradient operator and g(θ; δ, φ) is the vector of model response time histories

related to the sensor locations. Σe is the covariance matrix of the prediction error, which is assumed as the sum
of model and measurement error. p(θ) and p(φ) are postulated prior distribution of the model and nuisance
parameters, respectively. A Monte Carlo sampling estimate is used to evaluate the multi-dimensional integrals.
Heuristic sequential sensor placement algorithms [1] are used to solve the optimization problem.
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3 . Application

The effectiveness of the method is demonstrated on a 20-DOF shear model of a MDOF system subjected to
earthquake excitation modelled by a stochastic process. Here, the Kanai-Tajimi (KT) spectrum is considered.
The Kanai-Tajimi filter parameters are selected as constants: ζ = 0.64 and ωg = 15 rad/sn [2]. The white
noise sequence used as the input to the KT spectrum constitutes the parameter set φ. To consider the white
noise input uncertainty, the expectation over 100 different white noise inputs is calculated. Optimal locations
of the acceleration sensors are found for reliable estimation of the stiffness parameters of the first 10 stories
(θ ∼ N(1, 0.1)). The standard deviation of the model prediction error is selected to correspond to 1% model
prediction error and ∼ 10% measurement error. The portion of the response that is included in the utility
estimation corresponds to the time interval from 5–10 seconds. The best sensor locations and the normalized
maximum and minimum utility values are presented in Figure 1. According to the best location result, the first 4
sensors are placed on the first 4 floors, the fifth sensor is placed at the 9-th floor in order to reliably estimate the
model parameters of the lowest 10 floors. As observed from the utility values, there is a significant information
gain when the first sensor is optimally placed in the system to estimate the model parameters since this sensor
accounts for 81% of the maximum information that can be obtained by placing acceleration sensors in all floors.
Each additional sensor provides some extra information for estimating the model parameters.

(a) (b)

Figure 1: OSP (left); Maximum and minimum normalized utility values (right).

4 . Conclusions

The proposed Bayesian OSP framework is general, applicable to a wide variety of linear/nonlinear systems
encountered in structural health monitoring applications. The OSP design is extended in this study to handle
the realistic case of uncertain temporal variability of the input, such as earthquake excitation, often modelled
by stochastic processes. The optimal sensor configuration designs are demonstrated to be robust to uncertain
temporal variability of the input.
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1. Introduction  
 

Continuous safe and low-cost operation of structures extensively depends on their proper maintenance and 

management. To apply optimal management strategies for the existing structures, accurate assessment of 

their present and future safety is important and crucial. In order to study local site effect on the modification 

of strong ground motions and dynamic response of structural systems a three-dimensional seismic network at 

Ohrid Lake basin is developed in the 80’s (Petrovski et al., 1995) with support from USGS (United States 

Geological Survey). This 3d strong motion array is consisted of three free field sites (Fig. 1) with one surface 

and three downhole instruments each, up to 125 meters to the bedrock; one nine story building site with two 

instruments on the building, 4 instruments at the foundation level and one outcropping rock site with one 

instrument (location Tower). The characteristics of the instruments at the locations are presented in Figure 2 

and Table 1.  

 
Figure 1. 3-dimensional seismic network in Ohrid 

 

Table 1. Specification of the instruments at the 3d Ohrid seismic network 
 Location – 1- Tower 

In situ laboratory 
Location - 2 Location - 3 Location - 4 

Site type Instrumented building Free field Free field Rock -outcrop 

Instruments at building 

structure 
2 (6th and 9th story)    

Instruments at foundation 

structure 
4    

Instruments at soil surface 1 1 1 1 

Instruments in soil profile 2 (13.0m, 22.9m) 2 (9.5m, 22m) 2 (9.0m, 21.5m)  

Instruments at bedrock 1 1 1 1 

Total number of instruments 10 4 4 1 
 

2. General information of the system and software  
 

During planning and installation of the Ohrid Lake Seismic network in late 70's entire network was 

composed of most successful instruments produced by Kinemetrics Inc., Pasadena, California. In the time 

period between 2020-2021 extensive revitalizations process has begun replacing analogue to digital 
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Figure 2. Instrumentation at the location Tower; The building structure; Small house for instrumentation for 

real time recordings; Software 

 

conversion device which enables recording of real time earthquake events and thus structural and health 

monitoring system at the Location Tower. The behaviour of the structure is monitored in serviceability 

conditions, during and after seismic effects (if any during the considered period). The recorded data is 

analysed by different methodologies for system identification for the purpose of obtaining necessary data on 

the structure and its performances. Processing of the acquisitioned data is done by mathematical and 

software solutions and methodologies developed at UKIM-IZIIS. The monitoring software is developed in 

LabView. The software allows defining a limit level (trigger) for each measuring channel individually. The 

trigger can be in terms of acceleration or displacement level. After exceeding this level, the software creates 

a record in TMDS format which can then be further analyzed or processed in other data processing and 

analysis software. In the background, the software constantly performs a basic analysis of the measured data 

and based on previously determined parameters displays the condition of the structure, expressed by a traffic 

light indicator (green - the construction is OK, yellow - caution and additional checks are needed, red - the 

construction is not safe. From March 2021 three more significant earthquake events has proven the 

functionality of the installed instruments and provided important data for further investigation at the location 

including numerical model verifications and analysis. 
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1. Model tested on a shake table  
 

The present study base on experimental results of the “INfills and MASonry structures protected by 

deformable POLyurethanes in seismic areas” (INMASPOL) project within the SERA, Horizon 2020. 

INMASPOL investigates the efficiency of innovative PUFJ protection at the frame-infill interface for RC 

frames with brick infills [1]. Further, PUs are used for bonding of glass fiber grids to the weak masonry 

substrate to form FRPU as emergency repair [2]. The methods are applied on full-scale infilled RC building 

tested on shake table under simulated seismic excitations. The seismic tests validated the improved in-plane 

and out-of-plane infill performance when modified or repaired with PUFJ and FRPU systems. 

The tested structure is a fully symmetrical 3D frame of one storey with 4 RC columns, 4 beams, a slab and 4 

infill masonry walls, all designed according to current Eurocodes. The real scale building has plane 

dimensions of 3.8x3.8m and height of 3.3m (foundation and column extensions included). The one storey 

RC frame building with infills has 1:1 scale. The floor plan dimensions of the frame were 2.7 x 2.7 m, and 

the 20 x 20 cm columns had height of 2.5 m (to the top of the slab). The height of infills in the building was 

2.3 m (Fig. 1). On top of the columns a RC slab with thickness of 20 cm was constructed. The slab, was 

extended beyond the frame beams to serve as additional mass and to attach the additional masses in the form 

of steel massive elements. 

 

a) b)  

 

Table 1: Experimental model with a scheme of instrumentation (a) and dynamic excitation using a modal 

hammer (b). 
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2. Shake table excitation 
 

The shake table tests have been performed in the laboratory for dynamic testing in the Institute of Earthquake 

Engineering and Engineering Seismology in Skopje (IZIIS), Republic of North Macedonia. Operational 

since the year 1980, the shake table is 5.0 m by 5.0 m pre-stressed concrete waffle slab weighing 33.0 tons 

with payload up to 40 tons. Five degrees of freedom are provided by 2 lateral and 4 vertical MTS hydraulic 

pistons, controlled by MTS Digital Controller 469D. National instruments PXI modular system has been 

used as data acquisition for the three different types of transducers: 23 accelerometers, 10 linear variable 

differential transformers and 2 linear potentiometers (Fig. 1a).  

For the purpose of the experimental investigations two types of tests have been performed, i.e. dynamic 

shake table tests and tests for determination of dynamic characteristics. The dynamic shake table tests 

comprised of gradually increasing input intensity level from 3% to 77% of the adopted earthquake Kefallonia 

E-W component. Maximum applied load level was depended on the induced damage of the RC frame and 

infill walls as well as on the limit state of the shake table (considering the weight of the specimen and the 

additional load). A total of 23 seismic tests were performed.  

 
3. Structural dynamic characteristics determined by different methods 

 

Resonant frequency tests were examined after selected shake table tests regarding the observed damage. 

Sine-sweeps and white noise 0.02g low intensity tests were performed, confirming the gradual degradation 

of the bearing elements and infill softening. These dynamic diagnosis methods are classically using in all 

shake table tests. However, significantly damaged structures being about to collapse are in many cases too 

vulnerable to dynamic excitation, especially those generating resonance frequencies (sine-sweeps and white 

noise). One of proposed dynamic diagnosis methods used during the INMASPOL tests is modal analysis of 

dynamic structural response recorded by accelerometers to impact excitation with a 5 kg modal hammer. 

This method introduces in the weakened structure less energy, protecting it against developing additional 

damages and gives reasonable information about dynamic characteristics. Additional diagnostic information 

is provided by an inertance function, determined in frequency domain. This function allows also evaluating 

damping properties (half-power bandwidth method) throughout testing procedure. 

Other diagnostic method tested in the SERA project was DIC (Digital Image Correlation) method, applied to 

dynamic measurements. Efficiency of this method was tested using two different optical devices: video 

camera Manta MG-235B and photo camera Nikon D7500. Pictures obtained from these optical devices were 

analysed by DIC software CivEng Vision [3]. Determined dynamic characteristics were compared with 

results obtained from sine-sweeps, white noise and modal hammer.  Difference in the resolution of these 

methods were discussed. 
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1. Introduction   
This work deals with the application of multifractal analysis for damage detection in structures subjected to 

earthquake excitation. Specifically, a robust signal processing technique known as multifractal wavelet leader 

(MFWL) is used. The multifractal analysis is used to calculate fractal properties and scaling behaviour of the 

time history structural response excited by an earthquake. The singularity spectrum is obtained from the 

Legendre-transformation to Holder exponents. In this paper a parameter which is based on the shape of 

singularity spectrum and can identify the damage in the structure is proposed. The proposed method is an 

output-only damage detection method. Non-linear dynamic analysis has been performed and acceleration 

response  at each story are obtained which are, in turn, used as simulation data. Damage in the structure was 

introduced due to hysteretic behaviour of the elements. Since the dynamic behaviour of an inelastic structure 

subjected to an earthquake excitation is a non-stationary process, the above procedure of multifractal wavelet 

leader is suitable to retrieve the simulation response data. The numerical results indicate that the MFWL is an 

appropriate method for structural damage detection.  

2. Theoretical background  
Fractal systems can be classified into one of two categories: either monofractal or multifractal. They are 

characterized with the power law with real scaling exponents. Monofractal systems are described by a singular 

unique scaling exponent, in contrast to the multifractal systems that are labelled by a continuum of scaling 

exponents. The multifractal wavelet leader technique has been developed by Jaffard et al. [1]. Wendt et al. [2], 

proposed a new multifractal formalism based on wavelet leaders (MFWL). The coefficients of a 2D Discrete 

Wavelet Transform(DWT) are used to constructed the wavelet leaders and hence take benefits from low 

computational costs and a simple implementation. Di Matteo et al., [3], used multifractality to investigate 

developing and developed markets since the second order of the Hurst exponent can predict the 

development level of a market. Morales et al., [4], used the multifractal characterstics as an indicator of 

financial crises proposing that as the second order of the Hurst exponent increases when the financial crise 

begins. In signal analysis the wavelet leader, w(i, s), is calculated as the convolution of the signal, u( t ) .  

The  wavelet leader represents the supremum of the wavelet coefficient. Based on wavelet leader the scaling 

function, Sw(q, s), is then calculated, where q is the order of the wavelet leader. Following the work on 

multifractral analysis introduced by Mukli et al, [5], where Holder exponents, h, are related with the 

multifractal Hurst exponents, H, and scaling exponents, s, one can apply a Legendre-transformation to the 

Holder exponents to obtain the singularity spectrum.  Such a singularity spectrum is shown in Figure 1. As 

one can observe this spectrum is a concave function with a parabolic shape. The width and the shape of the 

spectrum curve contain characteristic information of the signal to be represented. The parameter 2hmax 

fwhm/3Fmax is a combination of the Holder exponent at the maximum multifractal spectrum and the full width 

at half maximum of the spectrum. This parameter is used to distinguish the activity of the signal data and can 

serve as the damage index indicator.  

3. Numerical case study  
The above singularity spectrum has been calculated for the numerical model of the three-storey building 
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represented as a dynamical system with concentrated mass and stiffness parameters and its properties shown 

in Figure 2a. 

 

 

 

 

 

 

 

 

 

 

 

 

(a) (b) 

Figure 1: Characteristic parameters of singularity spectrum for calculating the damage indicator, (a), and 

singularity spectrum of damaged and undamaged structural response signal, (b).  
 

Hysteretic plastic kinematic model was used for simulation the non-linear behaviour of columns. Athens 1999 

earthquake record was applied at the base of the structure and the response, u(t), at the top was calculated. The 

non-linear dynamic analysis has been executed using the software programme SAP2000nl. With appropriate 

scale of the earthquake excitation signal, the linear or undamaged (healthy), uhealthy(t) and non-linear, damaged 

(unhealthy), uunhealthy(t), acceleration response were calculated. The multifractal spectrum or the singularity 

spectrum for the damaged and undamage response signal at the third floor has been calculated using MATLAB 

software. Aditionally, the damage indicator DI is also calculated for each case and shown in Figure 2b.  

 

 

 

 

 

 

 

 

 

 

 

 

(a) (b)  
Figure  2: Characteristic parameters of singularity spectrum for calculating the damage indicator (a), and 

singularity spectrum of damaged and undamaged structural response signal, (b).  

3. Conclusions  

An application of MFWL, on damage detection in structures subjected to earthquake excitation has been 

performed. A parameter which is based on the shape of singularity spectrum and can identify the damage or 

not to the structure is proposed. The proposed method is an output-only damage detection method. The 

numerical results indicate that the, MFWL, is an appropriate method for structural damage detection. 
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1. Background 
A nonlinear ultrasonic wave mixing approach has recently been used to identify damage in plate-like 

materials. A damaged structure is subjected to two input Lamb waves in this method. Nonlinear mixed 

components at the sum and difference of the input frequencies are produced by the interaction between these 

waves [1]. However, the applicability of contact method to damage detection of plates is challenges mainly 

for the following three main reasons [2]. To begin with, it requires a coulpling medium which adds an 

additional nonlinearity to the output response.  Second, it may not applicable under hazardous environments 

(e.g., high temperature). Third, it is challenging to acquire high spatial resolution (less than µm) enough to 

identify damage when the transducer can only be installed in a few distinct points. 

 

2. Objective 
In this study, a non-contact nonlinear Lamb wave mixing technique based on laser line-array excitation was 

developed for non-contact generation and detection of the nonlinear mixed components in plates. 

Specifically, a pulsed laser with a line-array pattern (LAP) source was created to generate two narrowband 

Lamb waves with distinctive frequencies; then, a laser Doppler vibrometer (LDV) was used to measure the 

corresponding ultrasonic responses. The uniqueness of this study is as follows: (1) A completely non-contact 

laser ultrasonic system equipped with a Sagnac interferometer was created for the generation of narrowband 

Lamb waves; additionally, an LDV was used to identify the mixed components.; (2) the proposed system 

allows two Lamb waves with different frequencies to be made at the same time by using a single pulse laser 

source; (3) it is possible to implement Lamb wave mode at a specific input frequency by simply altering an 

optical lens; and (4) unlike the slit mask method, the Sagnac interferometer produces laser LAP sources with 

sufficient energy (at least 80%) to generate input waves in structures. 

 

3. Introduction 
The nonlinear Lamb wave mixing technique has been widely used for nondestructive evaluation because of 

its advantages of a long propagation distance and high sensitivity to microstructural heterogeneity (e.g., 

microcrack) [3, 4]. These advantages include a long propagation distance and high sensitivity to 

microstructural heterogeneity (e.g., microcrack). In a nutshell, the nonlinearity of microcrack can be 

recognized by applying incident Lamb waves; this characteristic can then be used to detect microcracks. The 

detectable nonlinear effects are commonly exploited for applications in harmonics [5] and wave mixing [1] 

techniques, amongst other things. In the case of harmonics technique, the self-mixing of a single Lamb wave 

generates the harmonic components; alternatively, the wave mixing technique entails cross-mixing between 

two Lamb waves to generate the mixed components. In the case of the harmonics approach, the harmonic 

components are generated by the self-mixing of a single Lamb wave; in the case of the wave mixing 

technique, the mixed components are generated by the cross-mixing of two Lamb waves. Wave mixing has 

the following advantages over harmonics: I the amplitudes of the mixed components are only averaged 

within the wave mixing zone, which provides it with higher spatial resolution [6]; (ii) it is less sensitive to 

nonlinearity introduced by instruments such as transducers and coupling media [7]; and (iii) the transmitter 

and receiver can remain fixed in place, as microcrack position detection is achieved by scanning the wave 

mixing zone [8]. As a result of these factors, the nonlinear Lamb wave mixing technique has gained 

popularity in recent years. 
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3. Nonlinear ultrasonic Lamb wave mixing 

 

 

Figure 1. Illustration of non-contact nonlinear ultrasonic wave mixing. (a) Linear structure and (b) nonlinear structure. 

When two input waves a  and b  traveling at distinct frequencies 
af  and 

bf  (
b af f ), respectively, are 

applied to a linear (ideal) structure, the structural response contains only the linear components 

corresponding to the input frequencies, as shown in Figure 1(a). Once the structure behaves nonlinearly (i.e., 

in the presence of a damage), the structural response undergoes a change that, in addition to the presence of 

the linear components and their harmonic components (i.e., 2
af  and 2

bf ), there is some indication of the 

presence of mixed components (i.e., 
a bf f ) (see Figure 1(b)) [7, 9]. Because these mixed components 

occur only if nonlinear sources exist, it can be considered an indication of the damage [6].  

 
4. Developed laser non-contact Lamb wave mixing 

Figure 2 depicts a schematic representation of the newly designed laser ultrasonic system, which is 

comprised of emission and sensor components. When generating laser LAP sources, the emission unit 

employs a Sagnac interferometer and laser beam polarization, which are both implemented in the emission 

unit. A Nd:YAG laser source produces a pulsed laser beam when it is turned on. In the first step, the laser 

beam is directed toward a quarter wave plate (QWP), which modifies the polarization components (s-

polarized and p-polarized) of the incident laser beam. A 50/50 beam splitter divides a laser beam in half, 

resulting in two beams. A Lamb wave a is generated by the first laser beam and is referred to as Laser beam 

1; an excited Lamb wave b is generated by the second laser beam and is referred to as Laser beam 2. The 

first polarized beam splitter divides laser beam 1 into s-polarized and p-polarized components, resulting in a 

total of two polarized components (PBS1). Following that, the p- and s-polarized components are transferred 

to the M2 and M4 amplifiers, respectively. After that, they are recombined using PBS1. PBS1 produces a 

laser LAP in accordance with the Fresnel-Arago equations, which is formed as a result of a polarization 

component interaction between two other polarization components [10]. The outputs from PBS1 are coupled 

to a beam expander (BE1), which generates a narrowband Lamb wave a on the surface of the specimen using 

the outputs from PBS1. BEs are utilized to change the size of the laser LAP in this instance. The designs of 

PBS1, M2, M3, and M4 are very similar to those of a Sagnac interferometer setup in terms of functionality. 

The setup for the Laser beam 2-derived creation of a laser LAP for the excitation of Lamb wave b at PBS2 is 

the same as it is for the excitation of Lamb wave b at PBS1. 

 

5. Results 

The performance of developed laser ultrasonic system is demonstrated experimentally by non-contact 

damage detection against an aluminum plate with varying damage sizes. The amplitude of mixed 

components obtained from the experiments is used to quantify the damage of test specimen. The test results 

indicate that the damaged specimen exhibits a larger amplitude value of mixed components than the intact 

specimen does.   
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Figure 2. Optical design of non-contact wave mixing. QWP- Quarter wave plate; BS- Beam splitter; PBS- Polarized 

beam splitter; M- Mirror; BE- Beam expander. 

 

 

6. Conclusion 

In this study, a fully noncontact laser ultrasonic system was developed for generation and measurement of 

mixed components in an aluminum plate. With the help of developed laser-based optical Sagnac 

interferometer system, the location of the damage in an aluminum plate can be successfully detected.  
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1. Introduction 
Concrete elements such as beams are widely used in engineering structures. For safe use, is important to 

verify the material condition, detect existing damage and prevent its future growth. An essential aspect to 

mention is the observation of micro-cracks, which indicate incipient damage. Non-destructive testing (NDT) 

techniques give the possibility to observe the current state of a structure. Digital image correlation (DIC) is a 

method gaining popularity among scientists. It allows localizing structural damage (e.g., cracks) by 

observing the changes of local strains and displacements. DIC is based on the comparison between 

photographs of a specimen [1-3]. Another promising diagnostics approach is coda wave interferometry 

(CWI). An increasing number of researchers are using CWI to effectively detect emerging structural damage 

[3-5]. The technique allows the detection of flaws using the decorrelation between guided wave signals 

collected at different states of structure. In this work, the implementation of CWI is used for early-stage 

damage detection. The results of NDT measurements are verified by the DIC technique. 

2. Background 
The experimental analysis was carried out on concrete beams with dimensions 4 × 4 × 16 cm3. The 

specimens were notched in the central part (Figure 1a) to induce the crack formation in the region of interest. 

During the three-point bending tests (performed by Zwick/Roell Z10 universal testing machine – UTM), the 

fracture process was characterized using DIC and CWI methods (Figure 1b). The photographs of the samples 

were taken each 1 s by Aramis Professional system. The ultrasonic signals were registered using the same 

time interval by five piezoelectric transducers. One of them was actuator (A) while the others (B – D) acted 

as sensors. The excitation was a wave packet composed of a 5-cycle sine wave modulated by the Hann 

window. The signals were further processed by CWI. The so-called decorrelation coefficient (DC) was 

calculated for each signal, with respect to equation (1), in which sr(t) is the reference signal and sn(t) is the 

current signal registered during degradation. 
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Figure 1: Experimental setup: a) example of specimen and location of transducers, b) specimen under test. 

7th European Conference on Structural Control                                                                                                           Warsaw, July 10-13, 2022

81



3. Results 
The illustrative results are given in Figure 2. The major strain field obtained using DIC at the time of 

maximum load for t = 337 s (Figure 2a, three-sigma rule scaling used) allows localizing the crack initiation 

zone before the destruction of the specimen. Figure 2b shows the load-time curve (red line marks the time of 

maximum load). Figure 2c presented the changes of decorrelation for each sensor during the whole bending 

test. The calculations were performed for the part of signals in the time range of 0.2 – 0.5 ms. It can be seen 

that DC values are relatively low in the first stage of the test (until 337 s, before peak load) for all sensors. 

What is important, an increase of decorrelation is visible, even though no damage is observed on the object. 

This growth is caused by the reconfiguration of concrete grains at the micro-level, leading to changes in 

scattering characteristics and, in turn, subtle differences in ultrasonic signals. Thanks to them, the damage 

state could be detected before fracture and the appearance of macro-cracks, causing catastrophic 

consequences. When the maximum load is reached, a significant jump in DC values occurs, triggered by the 

formation of macro-cracks, which change the medium geometry. At this stage, the development of fracture 

can be observed. The results for all sensors are comparable. The leading conclusion of the performed work is 

that the CWI technique is successful in the early-stage damage detection, despite the location of sensors. 

 

 
Figure 2: Illustrative results: a) snapshot of major strains from DIC at maximum load, b) load vs. time chart, 

b) CWI for sensors B – E. 
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1. General 
 

One of the major issues which could increase safety of aircraft operation is automated early detection of 

different damage modes of composite structures [1, 2]. The following damage types can affect the 

performance and durability of composite structures: debonding, delamination, foreign object inclusion and 

porosity [3]. Composites are vulnerable to impacts, even of low energies, which can introduce in the 

structure the so called Barely Visible Impact Damage (BVID) [4]. BVID can decrease the stiffness and 

durability of a composite due to multiple delaminations and transverse cracks of its layers (Fig. 1) [5, 6]. The 

most commonly used non-destructive technique for BVID detection is ultrasonic testing. This method allows 

for precise damage localization and sizing [7], however its use is possible only during the ground aircraft 

maintenance. 

 

 
Figure 1: An example of BVID of composite structure [6] 

 

2. Structural Health Monitoring based on guided waves 
 

Conventional non-destructive testing techniques are nowadays supposed to be complemented by systems of 

structure integrated sensors continuously monitoring its health, i.e. Structural Health Monitoring systems. 

Application of such technology would definitely increase the safety, especially when considering hardly 

accessible ’hotspots’, but also it could save up to 50% of necessary inspections time depending on the 

aircraft type [8]. One of the ideas for structural health monitoring systems built is based on the measuring of 

the mechanical properties of materials used for aircraft structural elements. The approach is based on 

analysis of small displacements propagation excited in the element by a network of PZT piezoelectric 

actuators [9, 10]. Solution for small deformation dynamics of the medium strongly depends on the boundary 

conditions, in particular the geometry of the object and its distortions caused by discontinuities and 

deformations. Structural damages can thus result in observable changes of the signal generated by the 

network sensors. The state of a monitored structure is assessed based on chosen signal characteristics called 

the Damage Indices (DIs). The acquired signals can be also influenced by factors other than damages thus 

posing a risk of false indications. Therefore DI’s used for the structure assessment needs to be balanced 

between sensitivity to damages and stability under varying working conditions of transducers.  

 

3. Experiment description 

 

In the paper efficiency of PZT sensors for impact event detection and BVID damage assessment in compact 

structures is investigated. The performance of a SHM system based on PZT network is rooted in two distinct 
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areas of the technology development, that is: the hardware and the signal analysis. The first include the type 

of transducers used to build a network and the way of their integration with a monitored structure. For 

efficiency comparison the following parameters were considered: 

• type of PZT sensors; 

• parameters of the excited elastic waves (frequency, duration); 

• sensors integration technology with a host structure.  

Three different types of sensors integration with the structure were developed: 

• adhesive joint of sensor and the structure; 

• sensor embedding in the internal structure of the composite; 

• sensor embedding in additional “technological” layer near composite surface.  

Sensor networks were placed in composite specimen in the same hot-spots and maintaining the same 

geometry of the network, therefore efficiency of different type of sensors integration with host structure can 

be directly compared.  

 
Figure 2: Example of a specimen with surface attached and structure embedded sensors 

 

Detailed description of sensors integration technologies used, as well as its impact on the performance of 

PZT sensors in passive and active monitoring methods of composite structures will be delivered in the paper. 
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Abstract 
The vehicle frequency response function reflects the relationship between the vehicle response and different 

road surface excitations, and it has a very important practical significance. 

Frequency domain response can be applied to identify structural parameters [1,2] and structural damage  

[3-5]. In addition, it can also be used to identify vehicle or road conditions. Zhao et al. [6,7] identified the 

vehicle parameters of a four-degree-of-freedom (DOF) half-car model. Zhang et al. [8] used the vehicle 

frequency response function to identify road roughness. 

However, during experimental tests with real vehicles, many singularities may appear in the frequency 

response function, which turn out to be numerical artefacts that do not conform to the actual situation. 

Therefore, a method based on Tikhonov regularization is proposed to obtain a reliable frequency response 

function of the vehicle. The method can remove the singularities to make the results more accurate. 

Firstly, according to the displacement of the vehicle and the road contact point, the vehicle frequency 

response function is derived to establish the relationship between the frequency response function, the 

vehicle response and the road profile in the frequency domain. Then, the vehicle frequency response is 

directly estimated by using the vehicle response when driving over road bumps of a known size. Finally, 

Tikhonov regularization method is employed to remove the singular data directly calculated for the vehicle 

frequency response and to update the estimated vehicle frequency response. 
 

Keywords: frequency response function, Tikhonov regularization, vehicle response. 
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Nowadays engineering studies require the use of the sophisticated finite element (FE) models consisting of 

hundreds if not thousands of degrees of freedom. However, using only such models does not allow for 

accurate reproduction of physical properties of real structures. To overcome this problem usually model 

updating (MU) techniques are employed.  

 

MU usually has one of two goals:  

1) modification of some parameters of the model in order to minimize error between output of the FE 

model and experimental data obtained from the real system, and  

2) identification of some properties of the real system using both experimental data and updated FE 

model.  

The former case relates to finding the model for performing simulations of the behaviour of the real system. 

In the later case MU can be applied in damage assessment process. Due to modelling uncertainties 

minimization of the error between measured and model output does not always provides the most accurate 

parametric identification. 

 

In this research unknown parameters describing rotational stiffness of bolted connections in a frame structure 

are estimated. Effectiveness of the two competitive model updating methods are compared. The first is based 

on modal sensitivities and minimizes error between numerical and experimental modal data. It requires 

matching of the numerical modes with the experimental ones, hence it is often called mode matching. The 

second is based on probabilistic Bayesian framework. In this approach maximum a posteriori (MAP) 

estimate of the unknown parameters is searched. It provides an augmented optimization allowing for model 

updating without mode matching. Moreover, this method is intended for parametric identification and 

explicitly includes the modelling errors into the problem formulation. In this study vibration modes are 

obtained from laboratory-scale frame with uncertain bolted connections. It is shown that assembly 

imperfections have significant influence on the mode shapes of the frame. The results also show that the two 

methods for model updating provide significantly different values of the identified stiffness parameters for 

the investigated bolted connections. 
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1 . Introduction

This study explores a fully passive vibration absorbing method, whereby an optimal inerter-based absorber
network configuration is incorporated into the traditional damping system of an in-wheel motor (IWM). This
method is applied to the suspension strut and the bushes. The structure-immittance approach is used to identify
optimal network topologies [7]. This study addresses some of the issues inherent to the IWM system (worsened
ride comfort and handling due to an increase in unsprung mass) using passive inerter-based absorbers.

An important factor when considering the IWM is the magnetic gap deformation (MGD), and is defined as
the deflection between the motor rotor and stator. This deflection leads to an unbalanced radial magnetic force,
(URMF). This is a destructive input to the system in addition to the existing road input [6]. Restricting MGD
is essential to reduce this URMF, and permits a simplified model where the URMF is neglected (as in [5]).
Therefore, MGD is constrained to be no worse than the default system in this study.

2 . Assumptions and Methods

The IWM model studied here represents the suspension strut as generic network H(s) in parallel with a static
stiffness k2, and the bushes as G(s) and Y (s) (with static stiffnesses k31 and k32). The default properties and
physical system parameters are obtained from [1]. The static stiffnesses are not optimised in this procedure.
This is because the static stiffness determines the performance characteristics of the system, and hence must be
kept constant in order for the optimised results to be compared to the default.

In this study, body vertical acceleration J1 and tyre dynamic load J3 are used as objective functions (and are
metrics for ride comfort and handling respectively). These are described in [4], and shown as follows:

(1) J1 = 2π(V κ)
1
2 ||sTx̂0→x̂2 ||2

(2) J3 = 2π(V κ)
1
2

∣∣∣∣∣∣∣∣1sTx̂0→k1(x̂1−x̂0)

∣∣∣∣∣∣∣∣
2

the displacement of the masses from the equilibrium position is denoted by x. The subscripts 0, 1, 2, 31,
32 and 33 refer to the road, unsprung mass, sprung mass, hub and brake caliper, stator, and rotor and rim
masses respectively. Here, V is vehicle velocity, κ is the road surface roughness, and k1 is the tyre stiffness. An
equivalent performance metric for MGD can also be derived using the same method.

Road velocity profiles are often assumed to be a white noise input [3], with the power spectral density of the
road surface described using the work of [2]. Hence the road surface input is assumed to be a white noise here.

Benchmark performance values are obtained for J1, J3 and MGD, and used as constraints in the optimisations:

(3) J1 = 1.4915m/s2, J3 = 953.87N, Jm = 7.4361µm

Optimisation of the system is undertaken in the frequency domain, and using MATLAB. The first step of the
optimisation uses the ‘particleswarm’ optimisation method, with the initial conditions logarithmically spaced
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(a) (b)

Figure 1: Time domain plots with all networks optimised together for a white noise input for (a) J1 and (b) J3.

through the boundaries provided, and the static stiffnesses fixed to default. These solutions are passed to ‘pat-
ternsearch’, then ‘fminsearch’, with the solution getting finer and closer to a global minimum with each step.

3 . Results

Minimal improvement is possible when the strut alone is optimised for J1 and J3 (4.26% and 1.28% respec-
tively), this is because the constraints on the value for MGD kept being breached. Hence, in order to further
improve the performance of J1 and J3, the bushes would need to be included in this optimisation.

Where the strut and both bushes are optimised for J1 and J3, the respective improvements over the default are
21.3% and 8.66%. These improvements can be seen in the time domain plots in Figure 1. Therefore, the key
finding from this study is that both ride comfort and handling can be improved in an in-wheel motor system
using inerters without compromising MGD. Moreover, the ride comfort improvement is the most significant.

4 . Conclusions

In their most optimal cases, J1 and J3 are improved by 21.3% and 8.66% respectively. These improvements
show that the inclusion of inerter-based absorbers is worthwhile in an IWM. They help to mitigate the negative
effects that the IWM can have on the vehicle dynamic performance due to the increase in unsprung mass.
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1 . General

Many studies have been carried out over the last two decades on local damping by a root-locus analysis of the
combined system of either non-resonant form [1] form, exemplified by a local damper, or of resonant form [2],
corresponding to a tuned mass or inerter device. The resonant devices add an extra degree of freedom to the sys-
tem, and the analysis is conveniently based on the corresponding complex quartic characteristic equation. Most
contributions dealing with the local non-resonant damper have included a linearization, whereby the idealized
characteristic equation of the resonant mode is reduced to quadratic form. This permits a very simple analytical
formulation yielding a ‘universal curve’ for the resultingdamping as function of a suitably normalized damping
parameter. The present paper skips the linearization and retains at a cubic characteristic equation with several
remarkable properties, similar to those of the resonant systems, e.g. a root-locus curve built up from points
and their inverse points in a circle centered at the origin. With suitable normalization of the damping parame-
ter inverse points, having equal damping ratio, correspondto reciprocal values of the damping parameter, and
much of the simplicity of the quadratic approximation is retained, while extending the accuracy of the results
to damping ratios up to critical damping.

2 . The cubic root-locus format

The theory is concerned with resonant frequency response ofa discrete linear system, governed by the equation
of motion

(1) [K− ω2
M ]u + fd = fe ,

whereK, M andfe are the stiffness matrix, mass matrix and the external load,respectively.u is the displace-
ment vector, andfd is the device force defined in terms of the connectivity vector w as

(2) fd = wfd , u = w
T
u ,

with w = [0, · · · , 1, · · · , 0]T for single-point fixture of the device andw = [0, · · · , 1,−1, · · · , 0]T for relative
motion of two points. The device is assumed to be linear,fd = Hd(ω)u with the device frequency function
Hd(ω).

The displacement across the terminals of the device is givenboth by the structural response and by the device
characteristic, and equating these provides the characteristic equation of the combined system. In this equation
the non-resonant terms are eliminated by assuming that theycan be approximated by their value at the frequency
ω̃r corresponding to resonance with the device locked. This corresponds to representing the contributions from
all the non-resonant terms by a constant, determined by the locking frequencỹωr, leading to the ampproximate
characteristic equation

(3)
(

ω2
− ω2

r

)

=
ω2
r

ω̃2
r
− ω2

r

Hd(ω)

kr

(

ω̃2
r − ω2

)

For a linear viscous damperHd(ω) = iωcd this equation is cubic.

The root-locus format (3) is conveniently described in terms of the geometric mean frequencyω0 and a non-
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Figure 1: Normalized root-locus curve with inverse pointsω
−

andω+ for ω̃r/ωr = 2.5.

dimensional damping parameterη0,

(4) ω2
0 = ωrω̃r , η0 =

ω3
0

ω̃2
r − ω2

r

cd
kr

.

In terms of these parameters the root-locus curve consists of inverse points with magnitudesω+ω−
= ω2

0 as
shown in Fig. 1, corresponding toη+0 = 1/η−0 . It follows that the maximum damping ratio is attained for
η0 = 1,

(5) ζmax =
1

2

( ω̃r

ωr

− 1
)

=
ω̃r − ωr

2ωr

.

The root-locus curve reaches bifurcation at the imaginary axis for ω̃r > 3ωr.

3 . Example

The importance of using the cubic frequency format (3) increases with increasing relative frequency difference
(ω̃r−ωr)/ωr as suggested by Fig. 1. The effect of the cubic format is illustrated in Fig. 2, showing the root-locus
curves and the damping ratio as function of the non-dimensional parameterη0. The figure shows the results for
the lowest six modes of a system consisting of a simply supported beam with viscous rotation springs at the
ends. This system has been studied in [3] in connection with earthquake response and in [4] in connection with
complex modes. The cubic format (curves) captures the full solution (crosses) well, even for the fairly large
damping ratioζmax = 0.65 of the lowest mode.
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Figure 2: a) Normalized root locus diagram, and b) damping ratio of first six modes.
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1 . Abstract

In developing a mathematical model of a real structure, the model’s simulation results may not match the real
structural response. This issue is a general problem that arises during the dynamic motion of the structure,
which may be modeled using parameter variations in the stiffness, damping, and mass matrices. These changes
in parameters need to be estimated, and the mathematical model to be updated to obtain higher control per-
formances and robustness. In this study, a linear fractional transformation (LFT) is utilized for uncertainty
modeling. Further, a general approach to the design of a H∞ control of a magneto-rheological damper (MRD)
for vibration reduction in a building with mass, damping, and stiffness uncertainties is presented.

2 . General

As it is known today, structures are exposed to static loads and horizontal seismic loads, such as earthquakes
and strong winds. These loads can disturb the civil structures and cause vibrations. Since [1] first proposed
the concept of structural control for civil engineering, many studies have been done on structural vibration
attenuation.

The civil structures can be modeled as second-order systems. However, this approach does not fully represent
physical systems and their behaviors. Hence, uncertainties should be considered in modeling so that the simu-
lation behaviors get close to physical ones. For that reason, [2] inquired about the robust control approach with
uncertainties in system matrices and control input matrices. Moreover, [3] designed a robust controller based
on the state-feedback control with a modified Kalman filter. Nevertheless, the parametric uncertainties were
implemented as an increment of state-space representation matrices. Thus, uncertainties cannot be recognized
whether those are in mass, damping, or stiffness matrices. [4] modeled these uncertainties as distinguishable
with reasonable percentages. Thanks to the LFT work of [5], upper linear fractional transformation (LFT) can
be applied to civil structures uncertainties.

3 . Main Contrubitions

In this study, the magneto-rheological damper (MRD) device will be implemented to stabilize the civil structure
given below.

Figure 1: Shear building model having MRD with n floors
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Different from the previous works, while designing the robust controller, we take into account parametric
uncertainties in mass, stiffness, and damping matrices, as depicted in Figure 2.

Figure 2: Block diagram of the control system with uncertainties.

In the discussion part, the performance of the designed controller and the nominal controller will be compared.
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In this study, the effect of reciprocity loss in vibration transmission of active structures is studied. This effect 

can be achieved by using a non-collocated absolute velocity feedback to drive a reactive force actuator. The 

theoretical background for this approach has been given in a recent short communication, [1], and is briefly 

discussed next. Active structure S equipped with a direct velocity feedback loop is shown in Figure 1. It is 

assumed that the structure is linear elastic. Velocity sensor is placed at point 2 of the structure and its output 

is fed back via a negative gain –g to the control actuator reacting between points 2 and 1. 

 

 

Figure 1: An active liner elastic structure (a) excited from point 1 and responding at point 2. (b) excited from 

point 2 and responding at point 1. 

 

Provided that the feedback loop is stable, velocity response 
2v  at point 2, due to the primary forcing

p1f  at 

point 1, can be calculated as the sum of contributions from the primary force and the secondary (control) 

forces 
s1f  and 

s2f : 

(1) 2 2,1 2,2 s2 2,1 s1p1v Y f Y f Y f= + + . 

2,1Y  is the transfer mobility of the passive system between points 2 and 1, and 
2,2Y is the driving point 

mobility of the passive structure at point 2. The secondary forces s1f  and s2f  generated by the control 

actuator are given by the control law: 

(2) 
s2 2f gv=− , 

(3) 
s1 2f gv= . 

Substituting (2) and (3) into (1) and isolating for 
2v , yields the transfer mobility function of the active 

structure S between the force 
p1f  and the velocity 

2v : 

(4) 
( )

2,1

2,1

2,2 2,11
Q

Y

g Y Y
=

−+
. 
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Considering now the situation shown in Figure 1b, where the structure S is excited by the primary force 
p2f  

at point 2, and assuming again a stable controller, velocity 
2v  can be calculated using  (2) and (3) as: 

(5) 2 2,2 p2 2,2 2 2,1 2v Y f Y gv Y gv= − + , 

whereas velocity 
1v is given by: 

(6) 1 1,2 p2 1,1 2 1,2 2v Y f Y gv Y gv= + − . 

1,2Y is the transfer mobility of the passive structure S between points 1 and 2, and 
1,1Y is the driving point 

mobility of the passive structure S at point 1. 

 Eliminating 
2v  from equations (5) and (6) yields the transfer mobility function of the active structure 

between the force 
p2f  and the velocity 

1v : 

(7) 
( )

( )

2

1,1 2,2 2,1 2,1

2,2 2,1

1,2
1

g Y Y Y Y
Q

g Y Y

− +
=

+ −
. 

As can be seen by comparing equations (4) and (7), 
11,2 2,Q Q  unless g=0, thus the reciprocity principle does 

not hold if the system is made active. The above formulation is valid if the active system is stable. 

However, this approach results in an amplitude difference between transfer mobility pairs describing 

vibration transmission in two opposite directions to increase with frequency. At low frequencies, the effect is 

rather small and drops to zero in the static case. In an attempt to increase the effect at low frequencies, 

absolute position and velocity of the structure at one of the two force actuator footprints are combined into 

the error signal. Relations between the proportional and integral feedback gains which are necessary to keep 

the system stable are determined. It is then shown that the reciprocity loss can now be induced also at low 

frequencies. Finally, it is shown that the two spectra after control are rather similar in shape but different in 

their amplitudes. Therefore the structure blocks vibration transmission in one direction and enhances it in the 

opposite one in broad frequency bands. The theoretical findings are verified on an experimental test rig and a 

very good agreement is found. The 3D-printed experimental setup is shown in Figure 2. 

 

 

Figure 2: Active flexible structure for non-reciprocal vibration transmission 
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For many years, the concept of hybrid structural control has been interpreted as controlling a structure by
a mixed set of passive and active actuators [1, 5, 8, 9]. Recently published studies presents a new concept
for hybrid systems by utilizing active and semi-active control devices in parallel [2, 6]. In the present study,
an optimal control is computed and performance is evaluated for such hybrid control strategy, i.e. one that
combines active and semi-active control devices.

The dynamic properties of a structure, controlled by a hybrid controller of the above type, are modeled by the
following, second order ODE:

Mz̈(t) +Cdż(t) +Kz(t) = Fawa(t) + Fbwb(t) + p(t); ∀t ∈ (0, tf ); z(0), ż(0)(1)

It describes the relation between the inherent inertial, damping and stiffness properties, in direction of the
structure’s dynamic degrees of freedom; the control forces input and the external excitation. Here z : R → Rnd

is a trajectory of the structure’s dynamic degrees of freedom; wa : R → Rnua is a control forces trajectory
generated by the active control devices; wb : R → Rnub is a control forces trajectory generated by the semi-
active dampers and p : R → Rnd is an external excitation. M,Cd,K ∈ Rnd×nd are the mass, damping and
stiffness matrices, respectively. Fa ∈ Rnd×nua and Fb ∈ Rnd×nub are the active and semi-active control forces
distribution matrices, respectively.

Additionally, in the addressed problem, restrictions are imposed on the controller, as follows. The peak control
forces in the active devices are bounded by a wa

max. The control forces in the semi-active dampers must follow
the next constraints.

• The semi-active force can only resist the relative motion of damper’s anchors.

• The peak semi-active control force must not exceed certain bound—wb
max.

The optimal control problem is defined to a performance index that weighs the states response and the
mechanical power in the active control devices.

A solution to this problem is suggested by enhancing recently published works, concerning optimal control
design for semi-active controlled structures [3, 4]. Those are founded on Krotov’s method, a.k.a Successive
Global Improvements of Control. It is a successive method that is aimed at solving optimal control problems
by taking advantage of Krotov’s theory [7]. According to this method, the key to the problem is formulating a
sequence of functions with special properties. Once such sequence was found, it allows computing a sequence
of processes that converges monotonously to a candidate optimum.

Here the optimization is carried out by tailoring the previous results [3, 4] to match the characteristics of the
addressed physical problem. The optimal response of different combinations of active and semi-active devices
are compared for different external excitations.
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1. Introduction 
 

The rotating components are essential parts of many systems. Examples of such objects are blades of a 

helicopter rotors, wind turbines or airplane engines. Non-constant rotational speed of the rotor, variable pitch 

of the blades and many other factors can cause undesirable blades vibrations. Therefore, scientists try to 

develop so-called active blade. The active structure with embedded sensor and actuator should enable the 

vibration reduction. Several suggestions for such solutions can be found in the literature. A mathematical 

model of a rotating beam represented by ordinary differential equations obtained from Galerkin's method is 

presented in article [1]. This model was extended with an additional differential equation used for the 

Positive Position Feedback (PPF) controller. The analysis demonstrated the control efficiency analytically, by 

the multiple timescale (MTS) method, and numerically. In paper [2] the structure was studied with another 

control algorithm - Nonlinear Saturation Control (NSC). The authors again limited the research to an 

analytical and numerical approach. However, they suggested that the Macro Fiber Composites (MFC) 

elements to be used as actuators.  

In both mentioned above control algorithms (PPF and NSC)  the additional control differential equation must 

be solved together with the equations of the plant. A simpler control strategies was used in work [3]. In two 

control variants the supplied voltage of a MFC piezoelectric patch was proportional to the sensor signal 

(linear control- LC)  or to the third power of  the sensor signal (cubic control - CC). Dynamics of the 

complete active rotating beam was described by partial differential equations and the solution was found 

analytically by MTS method. Obtained results showed that the approach was also effective in the case of the 

rotating beam vibrations suppression.  

In the present research the experimental rotor blades vibration control are studied. Based on the articles [1-3] 

four control algorithms are selected for their practical implementation: LC, CC, PPF, NSC. Analysis of the 

controllers in the practical laboratory setup is presented. 

 
2. Object and scope of research 
 

The object of the study is an experimental setup composed of the three-blade rotor, DC motor as a source of 

energy supply and a system to measure blades vibrations and a control system enabling testing various 

control algorithms. In the rotor hub three adjustable grips are embedded. These grips allow fixing the blades 

under different preset angles. The blades are beams made of unidirectional graphite-epoxy prepreg material. 

The MFC actuator and strain gauge are glued on the opposite sides of each beam nearby clamping. The 

laboratory setup is equipped with two control systems. The first is used to control  the rotor rotation φ(t) and 

to change the angle according to the following formula: 

(1)       )sin()( 0 ttt VC  += , 

where ωC describes constant angular rotor speed, while the oscillation level is defined by amplitude φ0 and 

frequency ωV. During rotor operation the vibrations of blades can be excited. The beams responses are 

measured using by strain gauges. The signals ui,sensor  from these sensors are used as inputs to the second 

control system –  the digital signal processing (DSP) studio in which selected controller can be applied. In 

the DSP different algorithms are written separately for each beam using. The proposed control algorithms 
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can be written in the following forms:  

 

the proportional control 

(2)      sensoriicubicsensoriilinearMFCi uuu ,,,,,  += , 

the PPF control method 

(3a)      sensoriicontrolicontrolcontrolicontrolcontroli uunuu ,,1,,

2

, 2  =++  , 

(3b)      controliiMFCi uu ,,2, = , 

and the NSC method 

(4a)      controlisensoriicontrolicontrolcontrolicontrolcontroli uuunuu ,,,1,,

2

, 2  =++  , 

(4b)      
2

,,2, controliiMFCi uu = , 

where i is beam index, usensor  is signal from sensor (controller input), ucontrol is controller variable and uMFC is 

a voltage (controller output) supplied to the MFC actuator. Coefficients ωcontrol and ncontrol are controller 

parameters, natural frequency and damping, respectively. Whereas γ1, γ2, γlinear, γcubic  are control gains. 

Second order ordinary differential equation (3a or 4a) is solved numerically in the controller processor using 

fourth order Runge-Kutta method. 

The experimental tests consist of two parts. Firstly, the rotor dynamics without control activation are tested 

to find regions with significant blades vibrations. Next, for the selected cases, the proposed control 

algorithms (2-4) are used to reduce vibrations. The experimental investigations are used to evaluate the 

effectiveness of these algorithms in applications related to the rotating beams. 
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Abstract 
 

In this study the use of a novel passive control device referred to as Tuned Liquid Column Damper Inerter 

(TLCDI) coupled with a base isolation system is investigated with the aim to mitigate the seismic response 

of base-isolated structures. The TLCDI optimal parameters for pre-design purposes are obtained by means of 

a statistical linearization technique and an optimization procedure which considers the minimization of the 

base structural displacement variance and a white noise process as base excitation. The reliability of the 

proposed approach is assessed by a comparison with a more accurate and computationally complex 

numerical optimization procedure. Finally, the control performance of the base-isolated TLCDI-controlled 

structure is investigated and comparisons with the structural responses of the uncontrolled structure are 

presented. 

 
1. Introduction 
 

In the field of passive vibration control, seismic base-isolation (BI) is recognized as one of the most effective 

seismic protection strategies to prevent or minimise damage to buildings, widely employed especially for 

those structures built in regions prone to earthquakes. BI systems lead to a decoupling of the motion of the 

building from the ground motion by introducing a layer with low lateral stiffness between the structure and 

the foundation so the superstructure essentially behaves like a rigid body. In this manner, the majority of 

displacements occurs within the BI system, while interstory drift and accelerations of the main structure are 

greatly reduced. To this aim, innovative combined control strategies have been recently conceived for the 

enhancement of the dynamic performance of isolated structures by reducing the large and undesirable 

displacements which BI systems may undergo during earthquakes. Among the several alternatives analysed 

in the literature, a possible solution to reduce base displacements concerns the idea to combine the BI system 

with other types of passive control systems, such as Tuned Mass Damper (TMDs) [1] and Tuned Liquid 

Column Dampers (TLCDs) [2]. However, these devices may require large masses to be efficient. 

Consequently, additional mass amplifying mechanisms such as inerter-based devices, have gained increasing 

interest as lightweight solutions [3]. On this basis, following the logical flow which led to the development 

of the Tuned Mass Damper Inerter (TMDI) [4] as a more efficient strategy compared to the classical TMD, 

the recently introduced Tuned Liquid Column Damper Inerter (TLCDI) [5] is here proposed, for the first 

time applied to isolated systems, as a promising passive control device which exploits the synergetic 

beneficial features of the inerter and the TLCD. TLCDIs, being simple U-shaped liquid tanks, show greater 

versatility and architectural adaptability due to their easy installation, little maintenance needed and, 

furthermore, the liquid inside may be used for both water supply and firefighting purposes.  

 
3. Optimal design of the TLCDI: Results and Discussion 

 

The present work focuses on the development of closed-form formulas for the optimal TLCDI parameters to 

obtain the best mitigation effect of the structural response of a single degree of freedom (SDOF) base-

isolated structure subjected to a seismic base acceleration (Fig. 1 (a)). The TLCDI is supposed to be able to 
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translate through a sliding support and is linked to the BI system by a linear spring and a damper and to the 

ground by an inerter. In this manner, the TLCDI allows the displacement demand of the BI system to be 

reduced by means of a combined action which involves the vertical motion of the liquid and the horizontal 

motion of the container. Notably, since the governing equations of the TLCDI are nonlinear, as shown in Eq. 

(1), the optimal design process may be time consuming and computationally complex. Thus, for a 

simplifying treatment of the problem, as customary in the literature, the nonlinear system can be replaced 

with an equivalent linear one by resorting to the so-called Statistical Linearization Technique (SLT).  

(1)   
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The effectiveness of the TLCDI is quantified by the reduction in the base displacement variance of 

the BI system due to the presence of the proposed device. Therefore, in order to find a tool to promptly 

compute the steady state response statistics and the optimal parameters some simplifying hypothesis are 

introduced. Notably, by assuming a white noise excitation and that the entire base isolated structure can be 

modelled as a SDOF system (Fig. 1 (b)) pertinent analytical expressions for the optimal TLCDI parameters 

are provided by neglecting damping effects. Finally, the accuracy of the proposed optimization procedure is 

assessed through a comparison with the optimal values obtained by performing a more computationally 

demanding numerical procedure on the original system and the control performance of TLCDI is discussed 

for base isolated structures and compared with uncontrolled systems. 

 

  
(a) (b) 

 

Figure 1: Analysed systems: (a) base-isolated TLCDI-controlled SDOF structure; (b) simplified model of 

base isolated rigid structure equipped with TLCDI. 
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Abstract 
 

In recent years, magnetic bearing technology has been implemented in many practical applications. In 

comparison with mechanical bearings, the magnetic ones have decreased stiffness coefficients and increased 

damping coefficients of radial bearings reducing the critical rotor speeds, [1]. These features are given the 

magnetic bearings a considerable potential to become a key element in rotating machines, like jet engines, 

turbo-compressors, generators and many others, [2]. Active magnetic bearings allow precise control of a 

rotor position and enable “online” monitoring, diagnosing, and identifying high-speed machines, [3]. 

The magnetic bearings are structurally unstable. Namely, an effective control system with a proper controller 

ought to be designed to ensure defined control quality indicators. In general, control systems of magnetic 

bearings are mostly restricted for using proportional-integral-derivative (PID) controllers. However, robust 

and slide control methods are also used in similar systems, [4]. Some predictive control algorithms were 

implemented in the analyzed AMB control loop [1]. 

The paper presents the research results of a parametric predictive control algorithm implemented in a high-

speed rotor machine’s magnetic bearing support system. The theoretical and experimental analyses of the 

control system with the Extended Horizon Adaptive Control (EHAC) algorithm are presented using an 

AutoRegressive with eXogenous input (ARX) model. A laboratory model of the magnetic suspension system 

consists of two active radial magnetic bearings and one axial (thrust) active magnetic bearing. The levitated 

rotor displacement in air-gaps and control current signals in control loops were measured for various rotor 

speeds and several parameters of the control algorithm, and they were presented in the form of time histories. 

Moreover, the power consumption of the magnetic bearing system with the predictive control algorithms was 

analysed, and the influence of a tuning factor and control horizon on rotor dynamic properties were 

determined. The theoretical studies were carried out using Matlab and Simulink software, whereas the 

experimental studies were performed using an appropriately dedicated test rig. 
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Abstract

Despite the substantial progress made over the last decades on the problem of structural vibration control [1],
there exist topic areas that are still not thoroughly investigated. Among others, there’s an increasing interest on
the vibration attenuation of structures that feature nonlinear characteristics. Such structures, usually described
by nonlinear differential equations with fixed parameters, are oftentimes further exposed to some degree of un-
certainty [2], in the sense that these parameters are partially known, time-varying, or even completely unknown.
Within this context, the effective mitigation of vibration remains an issue that is largely unexplored.

The linear subproblem, although still open to research, has been already treated to a large extent, both in a
active [3] and semi-active [5, 6] setting. There, it has been shown that the use of an appropriate Bayesian filter
that can effectively account for all parametric uncertainties in real-time can provide a certain flexibility. It’s
extension to nonlinear systems is not, nevertheless, directly applicable. This is mainly due to the additional
complexity that is being imposed by the nonlinear dynamics, which render the design of a controller a rather
difficult task.

We explore this problem and introduce an active nonlinear vibration control framework that is simple, straight-
forward and implementable in real-time. Following the encouraging results of the linear case [3], we propose
the architecture of Fig. 1. The measured structural excitations and responses, u[k] and y[k], respectively, are
being fed to an unscented Kalman filter (UKF), which is implemented for adaptive joint state and parameter
estimation, while the estimated states ξ[k] and parameters θ are then forwarded to the controller.

The adopted control law consists of two tasks: the former applies feedback linearization for canceling the
nonlinear dynamics of the system, while the latter operates on the linearized state equation and allows for any
conventional linear strategy to be integrated, i.e., the addition of damping, LQR control, etc. The combined
control forces f [k] accordingly serve as additional excitations to the system, while are further “copied” to the
UKF, in order to ensure consistency between the closed-loop dynamics and the Bayesian observer.

Our framework is validated via a Duffing oscillator with light damping and uncertain nonlinear parameter. In
specific, we investigate the transient and the steady-state behaviour of the closed loop dynamics under har-
monic and stochastic disturbance, and we comment on the behaviour of the UKF with respect to the uncertain
parameter. Since our main aim herein is to assess the feasibility of our approach, no rigorous stability, con-
vergence, or robustness results are reported. We do include, however, an algebraic test for the discrete-time
observability of the augmented state-parameter vector [4], since this property is crucial for both the observer
and the controller. The assessment of the underlying simulations suggests that the proposed Bayesian approach
for nonlinear vibration control is quite promising and provides a competitive layout for handling uncertain
systems.
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Distributed controllers have been widely developed for a variety of engineering applications, taking advantage

of their robustness, functionality and computing capabilities. The purpose of this work is to design a distributed

state-feedback controller that can be perceived as a ‘plug and play’ device, allowing effortless integration with

a structure and providing simplicity in assembly, replacement, or reconfiguration. Our controller is based on a

set of individual subcontrollers each one of which is associated with a subsystem representing part of a vibrat-

ing structure. Each subcontroller relies on state measurements of the adjacent subsystem’s sensors to carry out

global vibration suppression and energy harvesting tasks. Additionally, we assume that the neighboring sub-

controllers exchange some state information to estimate a prediction of the coupling forces. The incorporated

computational procedures for the subcontrollers are uniform which allows for designing a modular architecture

that is cheap to build and easy to maintain. One of the essential benefits of the proposed distributed controller is

that the subcontrollers perform the computing in parallel, which compared to standard centralized approaches

significantly reduces the computational burden and allows for an adaptive implementation to large-scale struc-

tures subjected to changes in the parameters and excitation.

The majority of the distributed controllers designed for structural control have been based on the idea of iso-

lated subsystems conforming to the parts of a vibrating structure and designing a set of local state-feedback

controllers, where each relies solely on the state information of its adjacent subsystem [1, 3, 5, 6]. In our work,

we suggest using the communication between the neighboring subcontrollers and building an evolutionary

model that allows for short-time prediction of the coupling forces between subsystems. For the control we as-

sume a stabilizing state-feedback switching law [4]. The selection of the parameters of this control law enables

compromising antagonistic vibration suppression and energy harvesting objectives [2]. The validation of the

method is carried out by experiments on a specially designed semi-active modular vibrating platform equipped

with a set of electromagnetic control devices, displacement laser sensors and a real-time control system. We

investigate a series of free-vibration scenarios assuming different selections of the distributed controller’s archi-

tecture. The performance of the proposed method is tested by comparisons with standard centralized controller

and passive damping strategy.
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developed by Novel Gmbh (Munich, Germany) [7] for different movement conditions at different 
frequencies and amplitudes focusing on those motion types in which there is always at least one foot 
touching the ground (bouncing, walking, random excitation), in order to facilitate the replication of these 
signals with the shaker. Since the shaker can only apply forces in a single location, it was decided to replicate 
the sum of the forces exerted by each foot, corresponding to the total force applied by the pedestrian on the 
ground. 
The accuracy of the resulting signals obtained compared to the reference signals has been evaluated for the 
16 experiments performed, both in the time domain and by evaluating the frequency content of both signals, 
proving that both have a very similar frequency content (Figure 2). Hence, when introducing these forces as 
excitation in a structure, a similar response will be produced, which is precisely the goal of this paper.  

 

Figure 1: Operation scheme of the proposed iterative control system 

 

F
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 (

N
)

 
Figure 2: Experimental results. Blue signal represents the reference force while red signal represents the 

experimental force achieved with the inertial shaker 
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A Tuned Mass Damper (TMD) is a device that is installed on a slender structure which is prone to oscillate under the 

effect of dynamic loading [1]. It is basically composed of a moving mass, mt, and an elastic member that joins the mass 

to the structure, kt, conferring it a certain natural frequency, ωt, as shown in Figure 1. The main purpose of a TMD is to 

reduce the vibration level of the structure on which it is installed for a certain range of excitation frequencies. To do so, 

the TMD also has a damper, ct, between the moving mass and the structure, in parallel with the elastic member, which 

helps to dissipate part of the energy it receives and provides a robust performance for the TMD. For the device to be 

efficient, the motion of both systems (TMD and structure) must be mechanically coupled. This is achieved by designing 

its elements (mt, kt, ct) so the natural frequency of the TMD (ωt
2 ≈ kt/mt) is close to the natural frequency of the structure 

to be mitigated [2]. When this happens, the TMD is said to be tuned to that specific structural mode so its contribution 

to the structural response is notably reduced.  

 

 

Figure 1. Schematics of a TMD installed on a structure [3] 

 

One TMD can only efficiently mitigate the effect of a single mode at a time. If more than one structural mode is of 

concern, then several TMDs must be installed or another type of approach must be considered (active, semi-active, 

hybrid, etc.). In any case, the properties and position of each TMD can be determined in different ways, depending on 

which structural response parameter is to be reduced (displacement, acceleration, etc.). Each criterion leads to a 

different set of properties which are only valid for a relatively narrow frequency band, i.e., if the modal properties of the 

structure slightly change, or the natural frequency of the TMD is slightly modified, its efficiency may be drastically 

affected [4]. It is known that larger values of moving masses (mt) lead to more robust designs which work efficiently in 

wider frequency bands. In addition, the amount of moving mass is directly related to the maximum attainable efficiency 

of the device, since more mass implies greater mitigation levels.  

 

In this work, the interaction effects between different TMDs and between the TMDs and the structure are investigated. 

It is known that once a TMD is installed on the structure, its properties are modified. The modal properties of the mode 

being affected by the TMD are obviously drastically changed, since another mode appears due to the mechanical 

coupling between both. This affects not only the natural frequency and damping ratio, but also the generalized mass of 

the affected mode in the point and direction where the TMD is placed. This is due to several reasons, like the mass 
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addition caused by the non-moving parts of the TMD, the influence of the elastic member and the presence of the 

moving mass itself. The generalized mass being affected has a several impact on the tuning properties and the efficiency 

of the device, since it is that mass the one that is used as a reference for the different computations, instead for example 

of the total mass of the structure. Additionally, although less significantly, the presence of a TMD also affects other 

modes of the structure. If the other modes are close enough, this phenomenon may determine the properties of other 

TMDs installed to mitigate their effect. In other words, the design of a second TMD must include the effect of the first 

TMD and, ideally, both must be designed simultaneously to precisely take into account the mentioned interaction 

phenomena. 
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1 . Abstract

Unwanted vibrations occur in a range of important engineering application areas. For example, in civil en-

gineering, tall buildings and structures can suffer from vibrations caused by earthquakes, tsunamis or strong

winds. In the most severe cases, the human and economic consequences can be devastating. One of the most

useful state-of-the-art techniques engineers can use to guard against this type of problem is called the tuned-

mass-damper1 . It is based on an idea patented by Hermann Frahm in 1909. Although many modifications and

minor improvements to Frahm’s idea have been suggested, nothing fundamentally changed until the advent

of the inerter. The term inerter was first coined by Malcolm Smith [7] to represent a mechanical device that

produced an inertia force from a relative acceleration. In fact, these type of devices had previously been known

about for a range of other mechanical and civil engineering applications, but by different names.

In automotive and aerospace applications inerter-like devices have been used primarily as a vibration isolators,

for example in engine mounts of cars, and helicopters since the 1960s — see [4] for details of this historical

context and references. This included both mechanical and fluid based devices (for example hydramounts), that

are used to try and minimise the amount of unwanted vibration that is transmitted to a passenger cabin — a

technology that is still the state-of-the-art today. In the early 2000s, Smith and co-workers also developed the

inerter concept for automotive applications, particularly suspension systems, with McLaren Formula-1 to great

success, and mechanical inerters are now available commercially for performance motorsport [1].

The application of the inerter for vibration suppression has been intensively developed in recent years. This

has been primarily based on devices made from three basic elements: inerter, damper, and spring, arranged

in different configurations. There are three device configurations that have emerged as the most important for

applications. The first to be introduced was the tuned-viscous-mass-damper (TVMD), described in detail in

Ikago et al. [3]. The device consists of a parallel-connected inerter-viscous damper in series with a spring

element, and at least one version of this device has been put into service in a real structure in Japan [8].

The second type of device is the tuned-inerter-damper (TID) which was proposed by Lazar et al. [5]. This

device consists of a parallel connected spring and viscous damper in series with an inerter — an arrangement

that is similar to that of a tuned-mass-damper with the mass element being replaced by an inerter. The third

device was proposed is by Marian and Giaralis [6] and is called a tuned-mass-damper-inerter (TMDI). This

device consists of a traditional tuned-mass-damper with an inerter attached to the mass element.

All these devices have been proven to have similar or better performance to the traditional tuned-mass-damper

in terms of reducing the displacement amplitudes around the targeted resonance. In addition there are additional

benefits compared to the TMD, e.g. the large reduction in mass ratio needed to achieve optimum performance.

These, and other points are detailed in the references cited above, and related literature. In this paper, we will

focus on some of the more recent developments carried out at the University of Sheffield. Specifically, we will

describe, the living hinge inerter [4], which is a solid-state device designed to eliminate all frictional elements

(although not all energy loss). This device has been demonstrated on a vibration isolation experiment, and

sample results are shown in Fig. 1. We will also discuss the development of a magnetorheological fluid inerter

device [9] that is in the early stages of development. In addition, we will give insights into a new type of inerter

device for suppression of machine tool vibration and chatter [2].

Finally, we will describe some recent results using a pivoted-flywheel inerter to suppress seismic excitations

of a 3-storey frame structure. This device was constructed using gel-damper elements so that the damping

1It can also be called “tuned-vibration-absorber" or “tuned dynamic absorber".
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behaviour was hysteretic rather than viscous. As a result, it is now possible to verify what type of behaviour

occurs in practice when hysteretic rather than viscous damping is present in the system

In summary, the introduction of the inerter is the most exciting thing to happen in the passive vibration research

field for 100 years! In this presentation, we will discuss the history and development of the inerter, including

applications to a range of engineering problems. Specifically, we will discuss the three key inerter based devices.

We will also describe recent work in developing new types of inerter systems, including recent experimental

results.
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Figure 1: Example results from the living hinge inerter configured as a vibration isolation problem. The solid

lines show the theoretical predictions of the transmissibility of the uncontrolled system and the system with

inerter added. The experimental results are shown by open circles for uncontrolled, and solid black circles for

the system plus inerter. The anti-resonance created by the inclusion of the inerter is clearly visible close to

43Hz.
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1. Scope

This contribution presents a study dedicated to performance assessment of a vibration mitigation system
designed for a frame structure equipped with semi-active joints. The joints allow for a controllable transfer of
bending moments  between the frame members.  The control  approach belongs to  the class  of  Prestress-
Accumulation Release algorithms [1]. The investigation is based on an experimental approach and is carried
out on a laboratory demonstrator. The rendered issues discussed in the study comprise topics related to the
optimal control signal synchronisation, sensor placement and performance assessment of the system.

2. Semi-active joint

An important part of the described approach is a semi-active joint concept [2] dedicated for slender frame
structures (Fig. 1). The design of the device allows for connecting three neighbouring beams of a frame. One
of the connectors allows for a short-lasting controllable limitation of the transferred moments, while the
remaining two transfer them continuously in a passive manner. It is assumed that the joints are activated with
a time delay short enough to allow for synchronisation of the control system with the dynamic response of
the  structure.  In  practice,  the  effect  could  have  been  achieved  by utilization  of  piezoelectric  stacks  as
actuators.

3. Control approach

A synchronous application of structural reconfiguration is the aim of the presented control approach. The
control algorithm assumes synchronisation between the control signal application and the dynamic response
of an object [3]. The objective of the strategy is to minimise the strain energy level in the structure and obtain
an  effect  of  transferring  the  vibration  energy towards  the  higher  frequency range.  The  high  frequency
structural  eigenmodes are effectively mitigated with passive means of damping (e.g.,  material  damping,

Figure 1: Semi-active joint (left) and the demostrative frame (right)
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polymer  layers).  Therefore,  the  aim  here  is  to  mitigate  the  low  frequency  dynamic  responses  of  the
structures, which are recognised as the most challenging in reduction. The application of a short lasting
decrease of the bending moment transmission in the joints results in decreasing the level of the accumulated
internal energy related to deformation. A conducted optimisation procedure has shown that the optimal time
instant for the reconfiguration takes place at the maximum of the internal energy.

4. Methodology

The study is based on an experimental investigation conducted on a laboratory demonstrator in the form of a
cantilever frame (Fig. 1). The demonstrator is equipped with a pair of the described semi-active joints and a
feedback controller allowing for application of the procedure in real-time. The study consists of a modal
identification of the object and its spectral testing in a variety of conditions. The obtained frequency response
functions have been calculated from the data acquired under free and forced excitations as well as in passive
and in semi-active modes of operation.

5. Results

The  conducted  investigation  validates  the  theoretically  derived  control  strategy,  reveals  a  significant
effectiveness  of  the  system in  mitigation  of  vibrations  and  verifies  the  methods  for  sensor  placement
dedicated to the considered case.
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Figure 2: Dynamic responses of the demonstrator under random forced excitation in three modes of
operation: joints closed, joints open, semi-active.
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1. Introduction 
The contribution presents a short description of the novel controllable device called Adaptive Tuned 

Particle Impact Damper (ATPID). Such device allows to effectively reduce mechanical vibrations of the beam 

element under various types of excitations. The whole construction can be considered as an extension of the 

classical Particles Impact Damper (PID) [1, 2, 3], in which container height can be changed (in real time) by 

the movement of the ceiling controlled by a simple electromechanical system. The ATPID operation is 

determined by particle flight time and particle-container contact duration [4], which depend on actual container 

height. Therefore, control of the damper height is crucial from the vibration mitigation point of view.   

2. ATPID construction and modelling 
The conducted research consists of experimental and numerical part. The experimental part concerns 

construction and prototype of the proposed ATPID damper (Fig. 1a). The specially designed test stand (Fig. 1b) 

allows to study response of the beam vibration under harmonic excitation of a wide frequency range.  

 

   
a) b) c) 
 

Fig. 1 a) ATPID model, b)  Experimental test stand, c) Scheme of the ATPID construction 

 

The numerical part of research is devoted to mathematical modelling, sensitivity analysis and 

optimization of the ATPID damper. The scheme of the ATPID construction (Fig. 1c) is used to derive governing 

equations, which take the form:  

 

(1) 𝑚𝑠�̈�𝑠 + 𝐹𝑒𝑥𝑡  −  𝐹𝐴𝑇𝑃𝐼𝐷(𝑥𝑠, 𝑥𝑔, �̇�𝑠, �̇�𝑔, ℎ, ℎ̇) + 𝑄𝑠 = 0  

 

(2) 𝑚𝑔�̈�𝑔 + 𝐹𝐴𝑇𝑃𝐼𝐷(𝑥𝑠, 𝑥𝑔, �̇�𝑠, �̇�𝑔, ℎ, ℎ̇) + 𝑄𝑔 = 0  

 

where: ms  - mass of the base system, mg  - mass of the grain, Fext - harmonic excitation, FATPID  - the total force 

forces generated by the ATPID, xs - displacement of base system, xg - displacement o the grain, h - height of 

the damper, Qs   and  Qg  - gravity forces acting on the system and grain, respectively. The total force generated 

by the ATPID damper FATPID  depends on forces exerted during impacts of the grain against cylinders walls 

(Eq. 3). Both these forces are modelled using soft contact theory [5 and 6] and nonlinear viscoelastic model of  

impact (Eqs. 4 and 5): 

 

(3) 𝐹𝐴𝑇𝑃𝐼𝐷(𝑥𝑠, 𝑥𝑔, �̇�𝑠, �̇�𝑔, ℎ, ℎ̇) = −𝐹𝑐1
(𝑥𝑠, 𝑥𝑔, �̇�𝑠, �̇�𝑔) + 𝐹𝑐2

(𝑥𝑠, 𝑥𝑔, �̇�𝑠, �̇�𝑔, ℎ, ℎ̇)  
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(4) 𝐹𝑐1
(𝑥𝑠, 𝑥𝑔, �̇�𝑠, �̇�𝑔) = 𝑘𝑐𝜉𝑐1

3/2 + 𝑐𝑐�̇�𝑐1
𝜉𝑐1

1/4
  

(5) 𝐹𝑐2
(𝑥𝑠, 𝑥𝑔, �̇�𝑠, �̇�𝑔, ℎ, ℎ̇) = 𝑘𝑐𝜉𝑐2

3/2 + 𝑐𝑐�̇�𝑐2
𝜉𝑐2

1/4
  

In the mathematical model the moveable ceiling is implemented by using time-dependent function of 

the damper height ℎ(𝑡) defined by Eq. 6. Such parameter is described by initial minimal value of the height 

hmin (diameter of the grain), the controllable range ∆ℎ and control function 𝜓(𝑡): 

 

(6) ℎ(𝑡) = ℎ𝑚𝑖𝑛 + ∆ℎ𝜓(𝑡) 

 

 

The proposed ATPID model is validated against experimental results. Moreover, the model allows to disclose 

the principles of the ATPID operation, investigate the influence of the selected parameters on the damping 

ability and to conduct optimization process of ATPID parameters.  

The change of damping effectiveness of the proposed device is revealed by displacements of the beam 

under resonant excitation, corresponding to five different controllable ranges of the damper heights (Fig. 2). 

The obtained results show the increase of damping ability with an increase of the maximal absorber height. 

In particular, in considered case, the vibration reduction of up to 90 % can be observed for the height  ℎ(𝑡) =
0.212 𝑚. The larger container heights result in rumble effect, which decreases vibration mitigation ability. 

 

 
Fig. 2 Beam displacements for various maximal container heights 

3. Conclusions 
The proposed ATPID damper with controllable container height provides high damping effectiveness 

for a wide range of harmonic excitations of various frequencies and amplitudes. Therefore, it can be   

considered as promising solution mitigation of vibrations of various engineering structures. The further 

research in this field will be dedicated to development of various control algorithms and application of the 

ATPID damper in multi-degree of freedom systems. 
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1 . Introduction

Real-time hybrid simulation has been an experimental framework of considerable interest to research in the
last 20 years. Whilst RTHS has great potential for capturing the full complexity, notably with regards to rate
dependency, of nonlinear physical subsystems in hybrid testing, it also brings with it a host of difficulties [2].
The constraint of real-time solution of the system, requires that the numerical system be solvable within the
chosen control time step, resulting in challenges with regards to model order reduction. With regards to the
physical substructure, the real-time aspect results in considerable challenges regarding accurate control of the
actuators used for excitation.

This control problem is the principle interest of this work, the accurate reconstruction of the control signal at
the actuators. The hard real-time constraint considerably increases the difficulty of this problem compared to
a traditional pseudo-dynamic hybrid simulation. Issues arise as a result of the dynamics of the control system
itself as well as the control-structure interaction. These effects must be compensated for in order to accurately
reconstruct the control signal and to eliminate time delay from the control signal. This problem is only exacer-
bated when we consider nonlinearity in the physical specimen and the development of a robust control regime
for RTHS is an area of intensive research.

Virtual RTHS (vRTHS) provides a convenient framework for the development and testing of novel hybrid sim-
ulation algorithms at low cost and preparation time. In previous work by the authors, a vRTHS framework was
used to demonstrate the utility of adaptive inverse control (AIC) methods for the problem of actuator dynamics
compensation in hybrid simulation [5]. It was demonstrated on a benchmark problem, that AIC demonstrated
good performance in compensating for controller and controller/structure dynamics, and exhibited robustness
to various input signals, partitioning schemes and parametric uncertainties. The method demonstrated also has
the advantage of being purely data-driven, no models of the plant are required and only a small number of
hyper-parameters must be tuned for good performance. This work, however, was limited in scope to a linear
plant model and linear finite impulse response (FIR) filters for the control scheme. In this work, we demonstrate
a nonlinear AIC method for the control of a nonlinear plant model within a vRTHS framework.

2 . Methodology

In traditional linear AIC, we face the problem of identifying an FIR filter G−1(z) of the form

(1) G−1(z) =
N∑
i=0

gizn−i

which when cascaded with the plant, G(z), and a pure delay, z−∆, results in a unitary transfer function, i.e.,

(2) z−∆G−1(z)G(z) = 1

In nonlinear AIC, the linear FIR filters used to approximate the forward and inverse plant models, are replaced
by nonlinear functions. Such an extension of AIC to the nonlinear domain was demonstrated by Widrow et
al. [4], in which neural networks are used as nonlinear estimators in replacement of the FIR filters. Concretely
the response of the inverse controller, in the linear version expressed by the FIR filter in equation 1, is now
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Figure 1: The RTHS loop

expressed by a neural network as

(3) g(z) = f(W T z + b)

The output of the nonlinear filter, g(z), is calculated by the matrix multiplication of a trainable weights matrix
W with the vector of previous input values, z, with the addition of a trainable bias vector, b. A nonlinear "Acti-
vation function" is then applied to this. Such a neural network model has been shown to be incredibly powerful
for the modelling of nonlinear systems [3], especially with the use of "deep neural network" architectures [1]
wherein this procedure of matrix multiplication followed by application of a nonlinear function is repeated
multiple times before the output is predicted.

3 . Application

In this work, we demonstrate the use of nonlinear adaptive inverse control in a vRTHS framework featuring a
nonlinear plant model exhibiting a hysteretic type nonlinearity. The scheme consists of a 2 DOF shear frame
structure model, where the lower story is considered as the numerical substructure, to which excitation is
applied in the form of seismic input. The upper story is considered to be the physical substructure, while both
the lower and upper stories exhibit nonlinearity in the form of Bouc-Wen hysteresis. For the purpose of the
vRTHS all physical components of the system, including actuators and analog-to-digital and digital-to-analog
converters, as well as the two substructures themselves, are taken into account, as depicted in figure 1. The
performance and robustness for the nonlinear AIC control scheme is assessed for various inputs with regards to
recreation of the control signal at the actuator.
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1. Introduction 
 

In recent years semi-active and active suspensions are more often used in automotive vehicles, which 

contributes significantly to driving comfort and safety of users. The key component of semi-active vehicle 

suspension is a controllable damper and an electronic controller, which allows for the generation of control 

signals and changes of damper characteristics. In order determine the correct values of the control signals, 

the dedicated algorithms taking into account assumed control criterion and the signals from a number of 

sensors are used. Generally, two opposing control criteria are adopted: comfort and safety. The first one is 

based on minimization of vehicle body acceleration, while the second one is based on minimization of 

variation in vertical wheel forces acting on the road surface. With the control occurring up to 1000 times per 

second, the vehicle’s semi-active or active suspension system can be to some extent resistant to disturbances 

caused by damper’s damage. Therefore, one of the most important problems in vehicle diagnostics is to 

detect and recognize different types of dampers’ damages adequately early in order to prevent dangerous 

traffic incidents.  

2. Suspension fault identification algorithm 
 

In this paper we investigate the possibility of identifying the changes in parameters of vehicle suspension 

while driving. Such assessment of the vehicle’s suspension state enables detection of potential dampers’ 

faults and allows the driver to consider the need for service. The preliminary results indicate that based on 

well-tuned mathematical model of the suspension and measurements of selected physical quantities, we are 

able to assess the suspension condition in real-time. The basic scheme of suspension parameters 

identification algorithm is shown in Figure 1. 
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data

Verification of 
model 

parameters with 
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parameters
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Figure 1. General algorithm for evaluating vehicle suspension condition. 

 

The method assumes that it is possible to develop a mathematical model of the undamaged suspension (e.g., 

for a new vehicle) and identify a range of acceptable values of its parameters. In particular, it is possible to 

determine the values of parameters describing vehicle’s mass and damping forces generated by the applied 
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dampers. The algorithm starts with measurement of selected physical quantities, including suspension 

deflection, vehicle body’s and wheel’s acceleration. Based on measurement data and developed suspension 

model it is possible to conduct inverse analysis providing preliminary identification of model parameters. 

This allows to compare the values of deflections and accelerations from the model with measured data, and 

to update model parameters accordingly. After final identification of the actual values of the model 

parameters, the algorithm compares them with the preliminarily determined range of acceptable parameters. 

In the case of differences exceeding the permissible variance, it informs a driver about a damage to the 

vehicle suspension and its severity.    

The operation of the proposed algorithm for identification of the faults in semi-active suspension will be 

demonstrated using hydraulic damper with a piezoelectric valve [1], presented on experimental test stand in 

Figure 2a. The results of exemplary numerical tests conducted using developed mathematical model indicate 

significant difference in damper response resulting from changes in damping coefficient and stroke clearance 

(Figure 2b). As it will be shown, such results can be effectively used for precise identification of  the changes 

in damper parameters and detection of damper faults. In addition, we will present the simplified version of 

the identification algorithm which does not require full numerical model of the damper.  

 

    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. a) View of the PZD damper with the piezoelectric valve on experimental test stand, b) exemplary 

numerical results presenting vehicle body accelerations in case of damping coefficient =0.2 and two 

different values of clearance: top – clearance =0 m,  bottom - clearance =0,002m. 

3. Conclusions 
 

In this contribution we propose a novel algorithm for the identification of the parameters of dampers used in 

vehicle’s suspensions. We show that proposed algorithm is operates effectively and can be successfully used 

to diagnose the actual state and the potential faults of vehicle suspension while riding.  
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1. Introduction 
 

The contribution presents analyses of a rescue cushion, the system which is based on an airbag (Fig. 1a) and 

is used by Fire Brigades for evacuation of people from high altitudes. A person landing on the airbag 

compresses the air enclosed in its volume, what results in an increase of the pneumatic force. The compressed 

gas is simultaneously released by a number of vents located on the side surfaces of the rescue cushion. As 

a result, the impact corresponding to touchdown is significantly reduced and its harmful effects are limited. 

Two types of rescue cushions are available on the market. The first type, which is a subject of presented 

research, is a system based on the inflatable frame. The second alternative is represented by a group of 

constantly powered rescue cushions, which are inflated with a use of special fans. Impact absorption 

effectiveness of the latter devices is typically higher than for the frame-based systems. On the other hand, they 

are less compact and more complicated from a technical point of view. Because of that, the rescue cushions 

inflated by fans are mainly used in geographical areas where the heights of buildings exceed 20 m. 

 

 

 
2. Possible improvements of the rescue cushion 
 

Every rescue cushion introduced to the market has to meet a number of functional, operational and legal 

requirements. Moreover, efficiency of the impact mitigation is evaluated by drop tests, during which strictly 

specified reduction of decelerations acting on a head, chest and pelvis has to be ensured [1]. The construction 

of currently used rescue cushions with inflatable frame is based on the idea introduced over 30 years ago by 

Peter Lorsbach in his patent [2]. All requirements mentioned above make the process of rescue cushion design 

very challenging. Probably, this is the reason why a number of solutions available on the market is limited. 

 

Within this contribution the influence of selected system parameters is investigated and the possibilities for 

improvement of the rescue cushion’s performance are analysed. The discussion is based on numerical 

simulations conducted in LS-DYNA and ABAQUS software environments, where the models of the airbag 

with inflatable frame are implemented. Results of the parametric study are used to elaborate concepts for 

Figure 1: a) dummy landing on the airbag – visualization of the numerical model, b) force responses of the 

rescue cushion, c) models of dummies used for computation of the system response [3]. 

(a) (b) (c) 
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system adaptation. The effectiveness of adaptation methods is evaluated with the use of appropriately selected 

impactors and models of dummies (Fig. 1c), which relates to 5th, 50th and 95th percentile in terms of people 

height and weight [3]. According to the conducted analyses, significant reduction of the impact loading can be 

obtained for all considered cases. Discussed results include simulations in case of different heights of 

evacuation as well as different masses of the landing person. 

 
3. Conclusions 

 

The presented work concerns the analyses of the rescue cushion, which is equipped with the inflatable frame. 

Using the results of numerical simulations the selected adaptation mechanisms are proposed. As a result, the 

response of the airbag can be improved for the range of impact conditions. The effectiveness of proposed 

solutions is evaluated with the use of different models of dummies, which are dropped from various heights. 

Based on presented results it can be concluded that the concept of adaptive rescue cushion has been introduced 

and it provides adaptation to both the height of evacuation and the mass of landing person. 
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Abstract 

An airplane trip can be psychological terrifying for any traveler. If, during the flight, the airplane meets a 

turbulent air front, then the scenario is perfect for a Hollywood movie, and the panic among passengers 

increases proportionally with the severity of the turbulence.  In this paper, a new approach of the turbulence 

mitigation methodology is proposed based on a solid background using an active control vibration. The 

experimental model is represented by a realistic, elastic airplane wing model controlled by an electric linear 

servoactuator. The mathematical model is completed by numerical simulations and experiments in the 

subsonic wind tunnel upgraded with a turbulence generator. The qualification of an emergent technology of 

this type will have double impact: for the passengers – safety and mental comfort increasing given by the 

significant reduction of the dynamic effects produced by the turbulent field; for the airplane – weight 

optimization based on the loads control generated by the atmospheric turbulence. 

Keywords:  
atmospheric turbulence, clear-air turbulence, subsonic wind, turbulence generator, active control, vibration 

mitigation, smart wing, aileron control 

1. Introduction 

The current context of climate change is a difficult challenge for humanity and brings major 

modifications in the way the activities are conducted in various fields, including aeronautics. Thus, the 

destruction of the ozone layer, the rising temperatures, sudden changes in temperature lead to imbalances in 

the air masses that are reflected in aircraft infrastructure damage and performance deterioration leading to 

flight cancellations, delayed or rerouting of flights, increased fuel consumption, and high costs dedicated to 

aircraft maintenance [1,2]. Some of the most significant changes are taking place in tropopause area where 

the jet streams are meet and where the most of the civil aircraft fly. The jet streams underlie the appearance 

of areas with atmospheric turbulence, especially of Clear-Air Turbulence (CAT) [3, 4]. The specific character 

of CAT is that it is found in areas without clouds, in areas where no turbulence can be detected by the usual 

methods, e.g. LIDAR, being a surprise element for pilots. Such accidents caused by turbulence are more and 

more common. No less than 91 CAT events were recorded between 01 April 2018 and 25 June 2021, 

https://www.spacescience.ro/projects/contur/index_en.html. 

Although CAT is a phenomenon studied in the literature, no methods have yet been found to warn 

that the aircraft is entering such an area. Therefore, it is necessary to develop active control methods to 

attenuate the effect of vibrations. 

2. Experimental set-up and results 

The experimental set-up consisted in the design and manufacture of an intelligent wing, in obtaining a 

turbulence generator, and in the synthesis of an adequate active control law. The specific case of the wing is 

given by the realistic and elastic model, unlike the models found in the literature. The wing is composed of a 

longeron covered by an aerodynamic layer. The electric broadband servoactuator is represented by a moving 

coil linear actuator whose role is to convert the linear motion of the actuator into an incomplete rotational 

movement of the aileron hinge in both directions. 

The implemented control algorithm was based on the emerging technology of synthesis of the 

mathematical model of the wing by experimental identification and by the LQG and robust   control laws. 

The control algorithms have as a starting point the identification of the transfer functions in the wind tunnel, 

for several air speeds.  
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Significant results for the performance of active control laws for vibration attenuation are summarized in 

Fig. 1 and Fig. 2. A reduction of about 18 dB at the basic modal frequency 5 Hz, for both laws, for the air 

speed of V = 25 m/s, can be seen in Fig. 1. Here, AC and UC means active control, and un-controlled, 

respectively, for both control laws   and LQG. Vibration attenuation in the event of a turbulent 

atmospheric environment is shown in Fig. 2. 

 
Fig. 1. Attenuation of approx. 18 dB of the first spectral frequency. Left: robust   control law; right: LQG 

control law 

 

Fig. 2. Left: aileron displacement in the subsonic tunnel, at the air velocity of V = 25 m/s, clear air, for 

robust  ; right: the same set-up, but with turbulence  

3. Conclusion 
The active control applied to the wing reduces the load and the bending moments being a suitable 

method, along with a proper design of the wing, for vibration attenuation and flight envelope expansion. 

Moreover, the effect of turbulence in the wind tunnel is increased by an order of magnitude compared with 

the low level of vibrations in the absence of the turbulence generator. 
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1. Introduction 
 

Semi-active fluid-based dampers consist of two chambers filled with hydraulic or pneumatic fluid and 

connected by the orifice, which is equipped with fast-operating valve controlling the actual rate of fluid flow. 

The most often used types of fluid-based shock-absorbers are semi-active hydraulic and pneumatic dampers 

with fast electro-mechanical or piezoelectric valves. These devices can be used in both vibration suppression 

problems and impact mitigation problems. Although many control strategies have been successfully 

developed for protection against vibration, the problem of optimal impact absorption has not gained 

sufficient attention of researchers and has not been completely solved so far. 

 
2. General formulation of the impact mitigation problem  
 

In the considered impact absorption problem the damper is subjected to the impact of a rigid object of mass 

M moving with initial velocity v� and external force F���(t), as shown in Fig. 1a. The objective of the 

control problem is to find the change of valve opening in time A�(t), which provides absorption and 

dissipation of the entire impact energy with minimal value of total discrepancy between force generated by 

the absorber F�� and its theoretical optimal value F��
���

, see Fig. 1b (black and red lines, respectively). 

Fig. 1: a) The problem considered: damper subjected to the impact excitation, b) force-displacement characteristics:  

red – theoretical optimal force, black – schematic optimal change of force obtained using pneumatic damper  

 

The direct mathematical formulation of the impact mitigation problem, which has been studied in detail by 

the authors reads: 

(1a) Minimize: � �F��(A�(t) , t) − F��
�����dt 

�   

(1b) With respect to:  A�(t) ≥ 0 

(1c) Subject to: � F.⃗ ��ds⃗ 
0 = E34�� + E34���� = 6

7Mv�� + � F.⃗ ���ds⃗ 
0  

The solution of the above control problem is straightforward (and for pneumatic damper assumes the form 

shown in Fig. 1b) only in a very special case when: a) no limitations on maximal valve area and valve 

operation speed are considered, b) the impact excitation is a priori known and the theoretical value of 

optimal force F��
���

 can be directly calculated. In the opposite situation, the solution of the impact mitigation 

problem requires application of the advanced methods of control theory. In particular, the control problem 

with valve operation constraints requires the optimal control methods, while the control problem with 

unknown excitations and disturbances requires the paradigm of Model Predictive Control. 

Force  

Stage 1 Stage 2 

Displacement  

b) a) 

Fext(t) 
M 

v0 

piston 

flow channel controllable valve 

Full stroke 
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3. Optimal control of dampers with valve operation constraints 

 
The exact solution of the impact mitigation problem taking into account valve operation constraints can be 

found when impact excitation (impacting object mass, its initial velocity and time-history of external force) 

are entirely known before the process. In such a case, the theoretical optimal value of force F��
���

 equals: 

(2) F��
��� = 9:;7 

�0 + � <..⃗ =>?0�.⃗ 
@

0                                                                 

where d is absorber stroke. Consequently, the problem of optimal impact absorption takes the form: 

(3a) Minimize: � AF��(A�(t) , t) − B9:;7 
�0 + � <..⃗ =>?0�.⃗ 

@
0 CD

�
dt 

�   

(3b) With respect to:  A�(t) such that  A�(t) ∈ 〈A�43H, A�4��〉 and  0JK(�)
0� ≤ V�4�� 

(3c) Subject to: condition of energy absorption (1c) 

The above formulation constitutes classical optimal control problem, which can be solved using the 

Pontryagin’s maximum principle and direct methods based on discretization of the control function in time 

and conversion to the classical optimization problem. Implementation of both methods entails different 

challenges, which will be briefly analyzed and discussed. 

 
4. Predictive control of dampers subjected to unknown impact excitation 
 

In the situation when the external excitation is not a priori known, the above force-based formulation and the 

corresponding optimal control methods cannot be directly applied. Instead, the problem has to be 

reformulated into its kinematic version, the so called state-dependent path-tracking, based on minimization 

of the actual and currently optimal value of deceleration, which is continuously updated during the process: 

(4a) Minimize: � RuS (A�(t), t) + TU (�)7
�(0VT(�))W

� dt 
�   

(4b) With respect to:  A�(t) such that  A�(t) ∈ 〈A�43H, A�4��〉 and  0JK(�)
0� ≤ V�4�� 

(4c) Subject to: condition of energy absorption (1c)  

In such a case, the efficient approach is application of Model Predictive Control, which assumes repetitive 

solving of the control problems defined at finite time horizons of arbitrary length Δt: 
(5) Minimize: � RuS (A�(t), t) + TU (�X)7

�(0VT(�X))W
� dtti+Δt

ti   

The approximate solution of this problem can be based on the proposed by the authors methods including 

Hybrid Prediction Control (HPC) [1] and Adaptive Model Predictive Control (AMPC) [2]. The HPC 

provides efficient impact mitigation by using system kinematics measurements, prediction of the valve 

operation mode and prediction of the required change of valve opening. In turn, the AMPC additionally 

utilizes equivalent model parameters which compensate the presence of disturbances in order to improve 

system performance at each control step. Both these methods will be discussed in detail during presentation. 
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1. Introduction 
 

Although vehicles have been designed and built for many years, the emergence of new materials, 

technologies as well as fast and efficient electronic measurement and control systems cause that design of 

vehicles, and their components is constantly improved. One of the main vehicle systems which affects the 

safety and comfort of passengers is the vehicle suspension. More and more vehicles are equipped with 

different types of semi-active suspensions, which allows to change driving characteristics depending on the 

current road conditions. The operation of this type of suspension requires the use of controlled dampers. Key 

to the effective and efficient operation is application of the dampers with a sufficiently short response time to 

the control signal and large range of changes in damping force.  

2. Controlled damper with piezoelectric valve (PZD) 
 

In the article we present selected problems related to the design and investigation of a hydraulic damper 

equipped with a valve controlled by a piezoelectric actuator. The presented results are a continuation of the 

previous research on the design of laboratory dampers [1]. Thanks to the appropriate construction of the 

designed and built valve and short response time of the piezoelectric element it is possible to quickly change 

the size of the gap through which oil flows between the chambers of the damper. A change in the size of the 

gap causes a change in flow resistance, which corresponds to a change in the generated damping force. The 

PZD damper with piezoelectric valve mounted in the Ford Transit suspension is shown in Fig. 1, while Fig. 2 

shows the achieved characteristics of the controlled damper and the range of variation of the damping forces. 

 

      

 

Figure 1. View of the PZD damper with the piezoelectric valve and its installation in the suspension of 

a Ford-Transit vehicle.  
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Figure. 2 Characteristics of silencer PZD installed in Ford Transit: Tmin – no supply, Tmax - voltage 150 V.   

3. Road experimental tests 

 

The above-mentioned Ford Transit with PZD dampers was subjected to a series of road tests During the tests, 

the damper control algorithm (with the comfort criterion) presented in [2] and [3] were used. The road tests 

were conducted on two different road sections at different speeds.  Moreover, different strategies of damping 

force control were used to compare the effectiveness of the developed semi-active suspension with original 

passive suspension. In the Table 1 the results of the tests in relation to the requirements of the ISO 2631 

standard - which defines acceptable exposition times (maximum time allowed) at the criterion of comfort, 

inconvenience, or harmfulness - are summarized and compared.  

 

Speed  
[km/h] 

Allowed time of exposition (hours) 

Original damper PZD damper with control 

Comfort Inconvenience Harmfulness Comfort Inconvenience Harmfulness 

45 0h 58’ 8h 37’ 24h 00’ 2h 24' 21h 44' 24h 00' 

60 0h 20’ 2h58’ 11h 48’ 0h 33' 5h 01' 20h 07' 

90 0h 15’ 2h 08’ 8h 30’ 0h 13' 1h 59' 7h 59' 

 

Table 1: Allowed time of exposition according to the standard ISO 2631. 

 

The road test results show that the developed damper with piezoelectric valve allows for a significant 

increase in the exposition time associated with vehicle body vibration and the influence on the driver and 

passenger (?) at 45 and 60 km/h. However, it is apparent that the developed control algorithm slightly 

deteriorates the driving conditions at 90 km/h. This disadvantage could be avoided by implementing sensors 

for road roughness recognition in front of the vehicle and adequate control the dampers’ properties in 

advance. Another way to improve the efficiency of the damper with piezoelectric valve can be extension of 

the control characteristics range shown in Figure 2.  
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1 . Introduction

Passive vibration absorbers, traditionally comprising springs, dampers and masses, play a vital role in improv-
ing the dynamic performance of mechanical structures, e.g., enhancing vehicle riding quality, reducing noise
from the engine and minimizing track wear induced by rail-wheel interactions. In 2002, a new passive element
termed ‘inerter’ was introduced [1]. It fundamentally enlarges the network possibilities of passive absorbers,
but also arises a question: how to identify the optimum one among them?

Traditional absorber designs (e.g., [2]) first propose a network layout and then tune parameter values of each ele-
ment for a better performance. The advantage is the complexity of the network topology can be pre-determined.
However, despite there are countless possible network layouts, only one can be covered at a time by this ap-
proach. Another design approach (e.g., [3]) can identify the optimal one without restricting the networks in a
few possibilities, whereby one first obtains the positive-real immittance function providing the optimum perfor-
mance, and then uses the network synthesis to identify the corresponding network layout and element values.
The problem is unrealisable networks, such as one with excessive number of components or unfeasible compo-
nent parameter values, could be obtained. A new design method [4] enables the identification of the optimum
one among all network possibilities with a given complexity, which preserves the advantages of both two tra-
ditional approaches. However, only series-parallel networks can be covered (bridge networks are not covered),
and most importantly there is no programmatic implementation, which means the network generation cannot
be automated. To this end, this paper proposes an automated process based on graph theory to generate the full
set of networks given a pre-determined number for each element type (not restricted to series-parallel ones).
Genetic optimization algorithms, e.g., patternsearch, can then be adopted to identify the optimal one within the
full set.

2 . Methodology

In the proposed approach, the network of the absorber will be presented by a graph, where the connection
point of elements is modelled as a vertex and the element as an edge between two vertices. To distinguish two
physical terminals with other internal nodes, the vertices representing the physical terminals are labelled red
while others are labelled blue. The element type is presented by giving each edge with different weights. For
example, the weights of springs, dampers, and inerters are one, two and three respectively in this study.

In graph theory, the simple graph is a graph that does not have more than one edge between any two vertices
and no edge starts and ends at the same vertex. The multigraph is a graph permitted to have multiple edges
between two vertices but no edge starts and ends at the same vertex. The weighted multigraph is a multigraph
where each edge is assigned with a weight. With these definitions, the enumeration of absorber networks with
a pre-determined number for each element type can be converted to the enumeration of a set of weighted
multigraphs with a fixed number of edges. There are three nested loops in the enumeration process as shown in
Figure 1, where the inner loop enumerates all simple graphs with Ne edges and two vertices are labelled red,
the intermediate loop enumerates all multigraphs with N edges by adding parallel edges to the obtained graphs,
and the outer loop enumerates all weighted multigraphs with N edges by assigning properties to each edge. In
each loop, the isomorphism will be checked to reduce the redundancy. Besides, some network constraints, such
as no self loops and the edges with the same weight cannot be in series, will also be checked.
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Figure 1: The programmatic approach to enumerate all networks with a given number of each element type.

Figure 2: Quarter-car model, optimal networks with graph representations, and obtained optimal ride comfort.

3 . Results and Conclusions

To compare with the existing approach in [4] (which cannot be automated), the same example is studied here as
shown in Figure 2. For the 1k1b1c (one spring, one damper and one inerter) and 2k1b1c cases, there are in total
8 and 18 network possibilities respectively, which are the same as [4]. However, for the 2k2b1c case there are
9 (out of 85) bridge networks which cannot be covered by [4]. Then, via the genetic optimization the optimum
one in each case is identified. Compared with the benchmark layout L0, using the optimal 1k1b1c layout L1
and the optimal 2k2b1c layout L3 can improve the vehicle ride comfort by 15% and 28%, respectively.
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1. Abstract 
 

Piezoelectric energy harvesting is a promising way to develop self-sufficient systems. Structural design and 

nonlinear  parameter optimization of this system are key issues to improve performance in applications. This 

paper presents a magnetic coupled piezoelectric energy harvester to increase the output and bandwidth. A 

lumped parameter  model considering the static position is established and various modes are simulated. The 

paper is focused on the low frequency repulsion mode for structure shown in Fig.1 that is complex with two 

beams containing Macro-Fiber Components (MFC) with homogenous material and thin cylinder magnets 

located close to free end of each of them. The optimization process of some key parameters, such a magnets 

spacing, optimal impedance matching and flux density is carried out. The results show that there is a 

corresponding optimal spacing for each flux density, which is positive correlated. With the optimized 

parameter design, the system achieves peak electrical power of 2.45 mW under the harmonic excitation of 

3m/s2.  

 

 

Fig.1. The view of real laboratory stand during test.  

 

 

 

  

 

 

 

7th European Conference on Structural Control                                                                                                           Warsaw, July 10-13, 2022

151

mailto:a.koszewnik@pb.edu.pl
mailto:d.oldziej@pb.edu.pl


 

MODELLING OF TWO ANTAGONISTIC SHAPE MEMORY ALLOY 

WIRES 

B. Stępniak1, K. Falkowski1 

1 Faculty of Mechatronics, Armament and Aerospace, Military University of Technology,  

ul. Gen. Sylwestra Kaliskiego 2,00-908 Warsaw, Poland  

e-mail: bartlomiej.stepniak@wat.edu.pl  

 

 

Shape memory alloys (SMAs) are materials which can be classified as functional materials. The 

feature which distinguishes them from the other materials in this group is a shape memory effect. The 

forementioned effect is connected with the direct and reverse martensitic transition. It means that the shape 

of an element which is made of that alloy can significantly change during these processes. The phenomenon 

has already been successfully used in engineering and medicine where a part of applications are linear and 

rotary actuators. Such designs are driven by one, two or more shape memory alloy elements (in some cases 

with a bias spring or springs additionally applied). There is some particular case where the antagonistic work 

of two SMA elements is used.  

There are a number of models of the behaviour of shape memory alloys which can be used to 

simulate SMA elements’ actuation. They can be divided into three groups, as follows: thermal models, phase 

transition models and mechanical models. This paper presents some of the models belonging to three 

aforementioned groups. These considerations are followed by the author’s approach to modelling of 

mechanical behaviour of antagonistic pair of shape memory alloy wires.    
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Abstract

A composite additively manufactured material for controlled sound absorption is proposed. The opera-
tion of the material is based on its changeable microgeometry with steel balls that modify propagation of
acoustic waves when subject to an external magnetic field. Both numerical predictions and experimental
verification is provided.

1 . Introduction

Porous materials are known for their exceptional acoustic properties. In rigid foams the energy of acoustic
waves is dissipated due to a visco-thermal interaction between air particles and a solid skeleton. Given the
microgeometry of a conventional porous material, the acoustic characteristics like sound absorption and
insulation are dependent solely on the material thickness for the same excitation conditions. However, the
concept of an adaptable additively manufactured sound absorber was introduced and discussed in [1, 2].
The idea is based on the modification of material microstructure, keeping its outer dimensions unchanged.
It turned out possible by designing a specific periodic shape of a rigid skeleton and inserting to the pores
small steel balls that redirect air-flow to wide or narrow internal channels by gravity or centrifugal forces.
In this way, one affects the intensity of visco-inertial and thermal phenomena resulting in different sound
absorption spectra.

This contribution is an extension to the previous work and presents another method for a controlled steel
ball relocation. Instead of gravity or centrifugal forces, a neodymium magnet is applied to influence the
position of balls trapped in the pores. Two configurations studied in the previous papers [1, 2] are obtained
by placing the magnet close to the bottom or lateral sides of a square 3D printed impedance tube extension
containing the adaptable material sample and hung vertically on a wall: vertical state V—with balls clogging
the wide channels in the direction of incidence and forcing more tortuous air-flow through narrow oblique
channels, and horizontal state H—with balls closing wide channels perpendicular to the direction of inci-
dence and allowing less tortuous air-flow mainly through wide channels parallel to the direction of incidence
to happen. In addition to these two extreme situations, the proposed magnetic relocation technique opens
new possibilities in achieving intermediate absorption states.

2 . Methods

The research was conducted using the cuboidal material sample and the square impedance tube extension
(see Figure 1) produced in the SLA and FDM additive manufacturing technologies, respectively [3]. A Brüel
& Kjær equipment was utilised to perform measurements. The hybrid multiscale modelling technique [4]
was applied to evaluate homogenised equivalent-fluid properties based on a periodic unit cell (see Figure 1)
representative for the material. Two Helmholtz problems were solved in the 30 × 30 × 60mm rectangular
domain using the homogenised properties to calculate the sound absorption coefficient resulting from the
V and H states. The finite-element analyses were run in the open-source FEniCS software [5].

3 . Results

Figure 1 presents the experimental and computational sound absorption coefficient values obtained for two
material states H and V. In general, the higher the values, the more energy of acoustic waves is dissipated
within the material. A substantial difference in performance is observed between the states, and the state
V with a higher microstructural tortuosity is shown to yield better overall absorption. However, if applicably
controlled, the material offers sound absorption at the level of 0.7 and higher for frequencies ranging from
about 550Hz to 1.1 kHz and from 1.9 kHz to 6.4 kHz, as confirmed by the measurements.
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Figure 1: Normal incidence sound absorption coefficient spectra for a 60mm-thick material layer in both V and H ball
configurations. The insets in the figure show (from left to right): the additively manufactured sample, the impedance tube
with the square 3D printed extension, the periodic unit cell used in calculations, the computer model of a sample with
a single periodic skeleton component highlighted.

4 . Conclusions

A composite material for magnetically controlled sound absorption was presented. Its cuboidal sample was
additively manufactured and tested in an impedance tube. The normal incidence measurements of acoustic
pressure indicate that the sound absorption spectrum in the material depends on the position of steel balls
within its microstructure. The balls were moved by placing the sample in an external magnetic field. Two
extreme states were investigated in which the balls were attracted in two mutually perpendicular directions:
along as well as transversely across the direction of incidence. The experimental results were predicted with
good accuracy using multi-scale modelling.
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their implementation is more feasible in engineering applications, especially in the low frequency region where
the wavelength is higher. Moreover, the resonating structures can be tuned to reduce the vibration and noise
emission in distinct frequency zones. For these reasons, we considered LRM solutions as a mean to reduce the
noise emission from the GBH while maintaining a lightweight and compact design, and give a particular em-
phasis to LRMs physics and their modeling. As stated before, noise reduction is important not only to respect
the established noise regulations, but also to provide the best acoustic comfort for the people inside and outside
the vehicles.

Although some automotive metamaterial solutions can be found in the recent literature [9] [28] [17], to our
knowledge, there is no application of these concepts to GBHs. GBHs must follow specific requirements, namely
provide support for the primary gearbox components, the selector mechanisms and actuators. The GBH must
ensure the correct gear meshing, respecting the assembly tolerances of the rotating components, and cope with
system loading generated by the transmitted torque. Additionally, there are other requirements related with the
protection of the gearbox inner components, enclosure of the lubricant, and heat dissipation.

2.2 . Considered GBH Loading

The mechanical loading at the GBH’s bearing supports depends on the rotating components’ geometries, char-
acteristics, and assembly configurations. The mechanical loading depends on the transmission ratio, the incli-
nation angle of the gear teeth (in case of helical gears), the transmitted power, the input speed, and the distance
between axes [30]. At the bearing support, loads are transferred from the shafts to the housing structure in radial
and axial directions. In this work, a typical characteristic loading was applied in the GBH bearings’connection,
in the bearings areas according to Figure 2. The considered bearings’ loading was extracted from a simple
gearbox with helical gears. The loading for each of the four bearings is shown in Figure 1.

Figure 1: Loading for each of the four bearings in x (side), y (upwards) and z (axial) directions.
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Figure 2: Location of the excitation for each bearing: Bearing 1 (B1), Bearing 2 (B2), Bearing 3 (B3), Bearing
4 (B4); and the Fixed Support Boundary Conditions.

2.3 . Considered GBH Geometry

GBHs are typically complex structures, whose geometry widely depends on the arrangement of the inner com-
ponents, external connections and attached auxiliary components, such as actuators and electric units. Gener-
ally, the gearbox housing has numerous openings, connections, patterns, and thickness changes over the surface.
For ease of reference, a simpler gearbox housing geometry based on the works of Figlus et al. [14] [13] was
considered. In order to simplify the study, solely the top part of the GBH was considered in the analysis.

2.4 . GBH Lightweight Design

The reduction of mass while preserving the benefits and strengths of the design is the core of the lightweight
design approach. For this purpose, topology optimization methods can contribute, enabling multi-objective
optimization of the housing geometry. In the literature, some works can be found on the topic of structural
optimization of GBHs [30] [21]. A similar topology optimization process was followed in order to reduce the
mass of the original GBH, optimizing the material distribution within a specified design space. The optimization
objective was to maximize the stiffness of the structure, minimizing the structure compliance. After topology
optimization studies, material was removed in areas that contribute less to the global stiffness of the GBH.
Figure 3 illustrates this process. The thickness of the top plate and the four smaller side plates was reduced
from 6 mm to 2 mm generating a lightweight version of the GBH. The mass of the original steel GBH is 8.92
kg, and the lightweight version of the GBH is 6.81 kg. In other words, an absolute mass reduction of 2.10 kg is
attained, representing a 24% relative mass reduction.

Figure 3: Illustration of the followed topology optimization process.
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2.5 . Initial Sound Power Radiated Assessments

The sound power radiated, over the frequency domain, is obtained by integrating the far-field intensity over a
hemispherical surface centered on the structure [12], as written in Equation 1. Sound Power Levels are indicated
in decibels, by the following formula stated in Equation 2, where the reference power P0 = 10−12W .

(1) Pradiated(ω) =

∫
S
I(θ, ϕ, ω) dS =

∫ π/2

0

∫ 2π

0
I(θ, ϕ, ω)r2sin(θ) dθ dϕ

(2) Lw = 10 · log
(
Pradiated(ω)

P0

)
Through numerical simulations, performed in the commercial software COMSOL Multiphysics (version 5.6),
a sound power radiated comparison between the original GBH and the lightweight GBH was performed, see
Figure 4. The model was solved in the frequency domain using the solid mechanics and pressure acoustics
modules, with an acoustic-structure boundary within COMSOL Multiphysics. The considered steel material
has the following properties: Density of 7850 [kg/m3], Young’s modulus of 200e9 [Pa], Poisson’s ratio of
0.3 and isotropic structural loss factor of 0.1%. A hemispherical acoustic air domain of 0.4 m radius was set
outside the top part of a GBH. The considered air material properties depend on the ambient pressure pA and
temperature T . The speed of sound c and the density ρ are defined through the ideal gas law (assuming adiabatic
behavior), according to Equation 3 where R stands for universal gas constant (R = 8.3144621[J/(molK)]),
γ stands for the ratio of specific heats (γ = 1.4) and the Mn is the molar mass Mn = 0.02897[kg/mol]. The
considered ambient pressure and temperature were 1 atm and 20ºC (293.15 [K]), respectively.

(3) c2 =
R

Mn
T ρ =

MnpA
RT

A Perfectly Matched Layer (PML) was set between the radius of 0.35 m and 0.4 m to represent the open en-
vironment [2]. The maximum element size was set as the speed of sound divided by the five times the highest
frequency to be modelled. The structural-acoustic model for the original GBH was constituted by 810509 ele-
ments, with an average and minimum quality of 67% and 18%, respectively. As for the model for the lightweight
GBH was constituted by 852208 elements, with an average and minimum quality of 65% and 14%, respectively.
The integration of the sound power radiated was made at a radius of 0.3 m. The model structural loading was the
bearings’ loading described in Figure 1, and its application was made in the geometry areas stated in Figure 2.
Since this study focus exclusively on the top part of the GBH, a fixed support was considered in the connection
interface to the other half of the GBH, as indicated in Figure 2.

As visible in Figure 4, the mass reduction shifts the peaks in the sound power to the lower frequencies. It is
also perceptible by the housing deformation shapes that the sound power radiated peaks generally correspond
to the eigenmodes of the structure, most of them correspondent to the local eigenmodes of the top plate. In
order to normalize the power results, the sound power radiated results were divided by the power injected in
the structure. The total power injected is calculated by the summation of the power injected in each bearing,
see Equation 4. The power injected for each bearing is calculated according to the integral over the area of load
application stated in Equation 5, where f and v denote the applied force and velocity complex amplitudes in
the loading area, respectively, H is the complex transpose conjugate operator [32]. The ratio of the sound power
radiated to the power injected in the structure, see Equation 6, is depicted in Figure 5 for the original GBH
and the lightweight GBH. It is possible to observe the same trend in the normalized results as in the nominal
results for the sound power radiated. The main objective of this work is to prove that it is possible to attenuate
the low frequency peaks in the sound power radiated from lightweight GBHs through the use of vibro-acoustic
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metamaterials.

Figure 4: Sound power radiated comparison between the original GBH (black) and the lightweight version of
the GBH (red), complemented with a number of housing deformation shapes.

(4) Pinjeted total(ω) = Pinjeted B1(ω) + Pinjeted B2(ω) + Pinjeted B3(ω) + Pinjeted B4(ω)

(5) Pinjeted(ω) =
1

2

∫
A
ℜe{v(ω)f(ω)H} dA

(6) PowerRatio(ω) =
Pradiated(ω)

Pinjeted total(ω)

3 . GBH Locally Resonant Metamaterial Solutions

As seen in Figure 4 and in Figure 5, the sound power radiated peaks in the lower frequency region are due to
the vibration of the top plate of the lightweight GBH. Therefore, in this study, an LRM solution was applied
in the top plate. The peak at 425 Hz in particular corresponds to the first local eigenmode of the top plate. The
attenuation of this peak is hard to achieve by conventional means [15]. For that reason it should be attenuated by
the LRM solution. Ideally, the LRM solution should also provide a broad band attenuation of vibration and noise
emission, the broad band attenuation is originated from the structural damping in the LRM [33] [31] [8] [15].

For the first LRM solution to apply in the Lightweight GBH, a unit cell size of 20 mm x 20 mm was considered.
The top plate dimensions are 204 x 190 mm, so it is able to fit 90 UCs in a rectangular pattern. There are
several types of micro-resonator designs in the bibliography with different geometries and based in different
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Figure 5: Ratio between the sound power radiated and the power injected in the structure of the original GBH
(black) and the lightweight GBH (red).

resonant mechanisms [27] [7] [35] [29] [34] [11] [5] [28]. In this case, a simple micro-resonator geometry was
considered, based on the same resonant mechanism of the micro-resonators presented in [7] [29] [34] [11] [5],
see Figure 6. The micro-resonator consists of a flexible acrylic part and a steel mass on the top. The up-and-
down vertical movement of the micro-resonators mass will dynamically absorb the vibrational energy of the
host structure, dampening the bending waves on the structure. The acrylic material properties considered in this
study are the following: Density of 1190 [kg/m3], Young’s modulus of 3.2e9 [Pa], Poisson’s ratio of 0.35 and
isotropic structural loss factor 5%. Even for a micro-resonator with a simple geometry, there are several design
variables to be controlled [27] [20] [35]. In the case of the selected micro-resonator design, several dimensional
parameters must be defined, such as its width, the length/thickness of the flexible part and the dimensions of
the mass part.

The proposed UC has the advantage of easy frequency tuning. The frequency tuning of a micro-resonator is
performed using the relation between the natural frequency and parameters of a vibration system. The micro-
resonator spring part affects mainly the stiffness (k), and the concentrated mass part affects the mass (m).
The following methods can be used to decrease the stiffness of micro-resonator: decrease the thickness of the
micro-resonator spring part; increase the length of micro-resonator spring part; change the shape of micro-
resonator spring part, for example, by inclusion of slits in the micro-resonator spring part. Opposite methods
can be used to increase the stiffness of the micro-resonator. The mass of the micro-resonator can be adjusted
simply by changing the concentrated mass (changing the mass dimensions or changing the material). Using
these relations, it is possible to tune the frequency band where the vibration is highly attenuated.

Jung et al. [17] and Claeys et al. [6] stated additional properties that an LRM should have in practical engi-
neering applications, for example its manufacturability, its compatibility and its sub-wavelength scale charac-
teristics. Regarding the manufacturability, the proposed micro-resonator spring part can be to manufactured by
3D printing/additive manufacturing, and the mass part of the micro-resonator can be bonded to the spring part
by adhesive bonding. The micro-resonator design can also be easily adapted for mass production as shown in
2019 by Yu et al. [34], they proposed a resonant structure, for industrial applications, manufactured by injection
molding with the metal part already placed in, ensuring that the plastic part and steel are permanently attached.

The resonator was tuned by changing its dimensions, within the design limits, taking into consideration the
following objectives:

1. Tuning the 1st eigenfrequency (bending mode) of the micro-resonator to the desired hard-to-tackle low
frequency;

7th European Conference on Structural Control                                                                                                           Warsaw, July 10-13, 2022

165



2. Maximize the ratio of the modal mass for the micro-resonator’s 1st eigenmode by the total mass of the
micro-resonator;

3. Minimize the nonessential mass addition, since lightweight design is the goal, the total mass added by
the micro-resonator should be minimized (e.g., minimize the mass of the bending beam part of the micro-
resonator).

Aiming for the previously stated objectives, and defining the tuning eigenfrequency of 425 Hz, a micro-
resonator width of 16 mm was defined, the acrylic base was defined as a square cross-section of 4×4 mm,
the acrylic beam was defined with a thickness of 1 mm and a length of 14.547 mm, and finally the steel mass
was defined as a square cross-section of 4×4 mm.

Figure 6: UC with micro-resonator: acrylic part (blue) and steel part (grey).

Even though LR structures can be applied in non-periodic ways, striving to simplify the analysis of LRMs in the
majority of the cases, in the current literature, assume an infinite periodic distribution of LR structures [16] [19]
[22]. In this way, a full representation of the LRM can be obtained using a unit cell (UC) and Floquet–Bloch
boundary conditions. A schematic representation of a two-dimensional periodic structure is shown in Figure 7.
The periodic structure is a repetition of a generic unit cell in two directions, being dx and dy the basis vectors
of the unit cell. Given that the structure is periodic, any point P in the structure can be expressed with respect to
a corresponding point U in the unit cell, translated nx cells along dx and nx times along dy, see Equation 7 [8].

Figure 7: Schematic presentation of an infinite periodic structure (left). A unit cell of the structure(right).

(7) rP = rU + nxdx + nydy

The theorem of Bloch states that the response of a two-dimensional periodic system can be expressed in terms
of the response of a reference unit cell. The amplitude and phase change of a wave propagating in an infinite
periodic structure may be defined by an exponential term, see Equation 8 [3] [8], where the ‘·’ indicated a scalar
product.
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(8) u(rP , ω) = uref (rU , ω)ek·(nxdx+nydy)

The wave vector k = (kx, ky) defines the amplitude and phase change. In infinite periodic structures, the
propagation vector µ, defined in Equation 9, expresses the complex phase shifts when in motion within a cell
in the dx and dy-directions.

(9) µ = (µx, µy) = (k · dx,k · dy) = k · d

Employing this notation to rewrite the Bloch theorem, Equation 10 is reached, where n is a vector indicating
the amount of cells moved in each direction in relation to the reference UC.

(10) u(rP , ω) = uref (rU , ω)eµ·n

Using the infinite periodic structure theory allows the study of wave propagation in LRM, without the necessity
of full-scale finite-structure vibro-acoustic numerical models [16] [8]. The distinctive vibro-acoustic perfor-
mance of LRMs is assessed by the presence of BGs in the dispersion curves. Dispersion curves display the
relation between frequency and wavenumbers.

The lattice shapes may adopt different geometrical shapes. Focusing on the simple example of a 2D rectangular
lattice, the periodic zone in the wave domain, called a Brillouin zone, can be circumscribed in [−π, π] in both
principal directions. Employing the UC symmetries, the area to study can be further reduced, in what is called
irreducible Brillouin zone (IBZ). The IBZ is dependent on the shape and symmetries of the UC [18]. There
is a common practice of assessing the abovementioned BGs in the LRM dispersion curves, by the calcula-
tion of the dispersion curves exclusively on the IBZ boundaries, also known as irreducible Brillouin contour
(IBC) [3] [16] [17]. For the purpose of calculating the dispersion curves of LRM infinite periodic structures
and representing its constitutive UC, several methods can be applied. The modelling methods present in the
literature are lumped parameter modelling, the plane wave expansion (PWE) method, the multiple scattering
(MS) method, finite difference (FD) methods and finite element (FE) methods. Conversely, to the other men-
tioned methods, which are restricted to simple UC topologies and geometries [4], the FE method allows the
analysis of wave propagation in more complex structures, owing to its modelling versatility. For that reason,
the undamped FE approach is used to model the UC in several recent works, specially in works regarding
LRM applications [5] [11] [6] [34] [29] [26] [7] [17] [10]. There are a few strategies to analyze the LRM pe-
riodic structures. The most common strategy is through the discretization of the UC using the FE method and
the definition of Bloch-Floquet boundary conditions on the UC boundaries to obtain a dispersion eigenvalue
problem. This is known as the wave finite element (WFE) method [23] [24]. The WFE was developed in the
seventies [25], aiming to enable faster calculations, and it was originally based on the wave propagation along
one-dimensional periodic elastic structures.Since the main focus of this work is to investigate LRMs in a real
application, the LRM UCs should be assessed in the most detailed way as possible to capture the LRM real
behavior. For that reason, the FE based UC modelling comes as the best method to model the UCs.

Generally there are two modelling approaches to get the dispersion curves, one is the inverse or ω(µ) approach
in which the real propagation constants µ are defined and the dispersion eigenvalue problem is solved to fre-
quencies ω, and the other is the direct or µ(ω) approach which imposes the real frequencies ω and solves the
dispersion eigenvalue problem to propagation constants µ [16]. The µ(ω) approach is suitable for 1D periodic
structures, however its application to 2D periodic structures more complicated [16]. In this work, an inverse
approach was followed, spanning through the values of kx and ky, and obtaining the eigenfrequencies. The
Irreducible Brillouin Contour (IBC) was established according to the diagram in the top right of Figure 8. An
auxiliary variable k was defined, varying from 0 to 4 while spanning all the IBC. For k varying from 0 to 1,
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the wave vector k = (kx, ky) spans from (0, 0) to (π/al, 0), where al is the UC side length. For k varying
from 1 to 2, the wave vector k = (kx, ky) spans from (π/al, 0) to (π/al, π/al). For k varying from 2 to 3,
the wave vector k = (kx, ky) spans from (π/al, π/al) to (0, π/al). For k varying from 3 to 4, the wave vector
k = (kx, ky) spans from (0, π/al) to (0, 0). On the right side of Figure 8 the dispersion curves for the LRM
UC are shown, and on the left side of Figure 8 the dispersion curves for a simple plate case with the same
dimensions for comparison. One can notice the bending and shear wave propagation present in both graphs.
The presence of the micro-resonator in the UC introduces BGs in the bending wave propagation, the BGs are
pointed out in the left part of Figure 8. The most relevant BG is the one between 425 Hz and 474 Hz, which
is created by the up-and-down movement of the micro-resonator mass, which dampens the vibration of the
structure, as mentioned before.

Figure 8: Dispersion curves for the LRM UC (right) and for a simple plate with the same dimensions (left),
including the IBC definition (top right).

In Figure 9 the lightweight GBH with the LRM solution applied is shown, zoom was made to clearly show the
presence of the micro-resonators presence in the LRM assembly.

For the purpose of sensing the mass addition quantities, the mass of the original GBH is 11 kg (including the
bearings part), while the mass of lightweight GBH is 8.87 kg (including the bearings part), which represents a
reduction of 2.10 kg (20% reduction). The added mass added from all micro-resonators in this LRM solution is
only 0.232 kg (2.6% increase relative to the lightweight GBH mass). The LRM introduction represents a very
slight mass addition compared to the previously obtained mass reduction.

A computation of the sound power radiated by the lightweight GBH with the LRM solution, subject to the same
loading, was made through numerical simulations with the same setup described previously in the Section 2.5.
The structural-acoustic model for the lightweight GBH with the LRM solution was constituted by 982855 ele-
ments, with an average and minimum quality of 64% and 15%, respectively. The results’ comparison between
the GBH, the lightweight version of the GBH and the lightweight GBH with the LRM solution applied can be
seen in Figure 10. The results confirm the attenuation from the predicted BG between 425 Hz and 474 Hz. The
introduction of the LRM solution in the housing provides an attenuation of the first sound power radiated peak
at 425 Hz, a type of attenuation similar to a tuned mass damper (TMD) behavior. The presence of the micro-
resonators reduces the original peak at 425 Hz and introduces two other smaller peaks in the vicinity, one at 330
Hz and another at 575 Hz. Moreover, as discussed before, the LRM Solution provide also a broad attenuation
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Figure 9: Lightweight GBH with LRM solution applied in the top plate.

of the sound power radiated over the considered spectrum, a significant reduction of the sound radiation peaks
is noticeable in Figure 10.

Figure 10: Sound power radiated comparison between the original GBH (black), the lightweight version of the
GBH (red) and the lightweight GBH with the LRM solution applied (green).

The ratio of the sound power radiated to the power injected in the structure was also calculated for the
lightweight GBH with the LRM solution applied, its comparison with the results from the original GBH and
the lightweight GBH depicted in Figure 15. It is possible to observe the same trends in the normalized results
as in the nominal results for the sound power radiated.

A second LRM solution was idealized, consisting of an LRM with two groups of micro-resonators interca-
lated. One group is constituted by micro-resonators similar to the one already mentioned, see Figure 6. The
second group is constituted by micro-resonators with similar geometry but this different dimensions, so that
the micro-resonators have its 1st eigenfrequency (bending mode) tuned to another low frequency, in this case a
frequency of 870 Hz was chosen to create another BG coinciding with the other peaks in the lower frequency.
The dimensional changes were the following: the acrylic beam length was changed to 12 mm and the steel
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Figure 11: Ratio between the sound power radiated and the power injected in the structure of the original GBH
(black), the lightweight GBH (red) and the lightweight GBH with the LRM solution applied (green).

mass cross-section was change to 3(length)× 2.6953(height) mm. Following the same dispersion curve analysis
method described previously in this section, the relevant BG is achieved between 870 Hz and 925 Hz. The
two groups of resonators were assembled in intercalated lines, see Figure 12. The total mass added with the
two groups of the micro-resonators was 0.185 kg, which corresponds to a 2.1% mass increase relative to the
lightweight GBH mass.

Another computation of the sound power radiated by the lightweight GBH with the second LRM solution,
subject to the same loading, was made through numerical simulations with the same setup described previously.
The structural-acoustic model for the lightweight GBH with the second LRM solution was constituted by
975256 elements, with an average and minimum quality of 64% and 8%, respectively. The results can be
seen in Figure 13. Comparing both LRM solutions, the LRM solution with two types of micro-resonators
combined shows a higher attenuation of the sound power radiated in the frequency region where the new group
of micro-resonators were tuned for, attenuating the peaks in the vicinity. Complementing this remark, the peak
at 930 Hz present in the sound power radiated for the first LRM solution is attenuated, and as can be seen in
Figure 14 that attenuating is due to the movement of the masses of the micro-resonators in the second group.
Additionally, the second LRM solution, reduced the second peak in the low frequency region (around 500 Hz).
In the higher frequencies, both LRM solutions follow a similar attenuation trend. However. it can be observed
that the solution with a single group of micro-resonators has slightly higher attenuations in some frequencies,
and the solution with two groups of micro-resonators has slightly higher attenuations in the other frequencies
regions.

The ratio of the sound power radiated to the power injected in the structure was again calculated according to
Equation 6 for all the configurations. The ratio is depicted in Figure 15 for the original GBH, the lightweight
GBH, the lightweight GBH with one group of micro-resonators LRM solution applied and the lightweight
GBH with two groups of micro-resonators LRM solution applied. It is possible to observe the same trends in
the normalized results as in the nominal results for the sound power radiated.

4 . Conclusions and Future Work

This paper presents the application of locally resonant metamaterials to attenuate the noise emitted by a
lightweight version of a GBH. The results from the numerical simulations display that a significant noise
reduction is achievable with the application of LRM solutions to GBHs. The presented LRM solutions are pas-
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Figure 12: Lightweight GBH with LRM solution with 2 groups of micro-resonators applied in the top plate.

Figure 13: Sound power radiated comparison between the original GBH (black), the lightweight version of the
GBH (red), the lightweight GBH with the LRM solution applied (green) and the lightweight GBH with the
LRM solution with 2 groups of micro-resonators applied (yellow).

Figure 14: Displacement of the lightweight GBH with the LRM solution with 2 groups of micro-resonators at
930 Hz.
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Figure 15: Ratio between the sound power radiated and the power injected in the structure of the original GBH
(black), the lightweight GBH (red), the lightweight GBH with one group of micro-resonators LRM solution
applied (green) and the lightweight GBH with two groups of micro-resonators LRM solution applied (yellow).

sive low-cost solutions that can be implemented in GBHs for enhancing its NVH characteristics, attenuating
its vibration and the noise emission peaks across the low frequency spectrum. These solutions do not require
a control system, only a proper early design according to the defined process. The increase in mass from the
introduction of the micro-resonators belonging to the metamaterial solution is residual, a relative mass addition
between 2% and 3% (depending on the designed solution) comparing to the mass of the host structure. The
results also revealed that the use of multi micro-resonators groups can be beneficial to achieve a broader atten-
uation of noise and vibration, when comparing with the solution constituted by just one group of resonators.
For real applications in GBHs, the material used for the micro-resonators manufacturing could be switched to
high temperature polyamides, since high temperatures can be reached in the outside part of the GBHs.

Experimental validation would be beneficial to corroborate the results obtained in the numerical simulations
presented in this work. Moreover, further investigation can be made regarding the distribution of the groups
of resonators. As observable in Figure 12, the two groups of resonators were assembled in intercalated lines,
however other distribution configurations are possible, for example diagonal distributions or even distribute the
resonators according to the structure eigenmodes shapes.

Deeper research can be made on the effects of the frequency tuning of the micro-resonators in the performance
of the LRM solution. In this work, the micro-resonators were tuned for frequencies corresponding to specific
noise emission peaks in the sound power radiated assessments. Additional studies can be made on the effects of
the frequency tuning of the micro-resonators by not deliberately tuning the LRM solution from the main noise
peaks in the lower frequency, to assess if generic solutions are possible to achieve. This further investigation
would allow assessing the performance dependence from the tuning of the LRM solutions in real applications.
The definition of a general method for application of LRM solutions in gearbox housings might also be a future
contribution.
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Abstract 

 
The vehicle frequency response function (FRF) reflects the relationship between the vehicle response and 

different road surface excitations, and it has a very important practical significance. The direct inverse 

computation of vehicle FRF usually have many singularities due to the noise pollution or insufficient measured 

data in practice. Therefore, a method based on Tikhonov regularization is proposed to obtain a reliable 

vehicle FRF. The method can remove the singularities to make the results more accurate. Firstly, 

according to the displacement of the vehicle and the road contact point, the vehicle frequency 

response function is derived to establish the relationship between the frequency response function, 

the vehicle response and the road profile in the frequency domain. Then, the vehicle frequency 

response is directly estimated by using the vehicle response when driving over road bumps of a known 

size. Finally, Tikhonov regularization method is employed to remove the singular data existing in the 

direct calculation of the vehicle FRF and to update the estimated vehicle FRF 

 

Keywords: frequency response function, Tikhonov regularization, vehicle response. 

 

1.Introduction 

Structural frequency response function (FRF) reflects the relationship between system responses and external 

excitations, and it has a very important practical significance in structural dynamic analysis. It can be used for 

modal identification [1] and parameter identification [2-5], structural damage identification [6-9] and model 

modification [10,11]. 

Based on the characteristic of FRF, vehicle FRF is widely used on the identification of vehicle parameters and 

road conditions. Thite et al.[12] proposed a method to identify vehicle suspension parameters in the frequency 

domain based on four-column bench test data. Zhao et al.[13,14] identified the vehicle parameters of a four-

degree-of-freedom (DOF) half-car model via vehicle FRF. Zhang et al.[15] and Liu et al.[16] used the vehicle 

FRF to identify road roughness. 

Theoretically, the FRF can be directly calculated by measured excitation signal and response signal. However, 

due to noise pollution in the measured signal, singular points usually exist in the direct calculation of FRF. 

While it is possible to remove or reduce singularities by measuring multiple sets of data and averaging the 

measured data, however, this requires more experimental work. Hostettler et al.[17]proposed a maximum 

likelihood estimation method for FRF under similar impulse excitation. Peumans et al.[18] obtained accurate 

FRF for a lightly damped mechanical system by using BootStrapped total least squares. The local polynomial 

method [19,20] and the local rational method [21,22] are also proposed respectively, which approximate the 

FRF locally by polynomial or rational function in the frequency domain, so as to obtain the exact estimate of 

the nonparametric FRF. This study tries to use a simpler method to obtain reliable FRF. 

Tikhonov regularization is an improved least square estimation method, which has a better fitting effect on ill-

conditioned data. Zhang et al.[23] solved the ill-posedness of damage recognition based on sensitivity by 
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Tikhonov regularization method. Wang et al.[24] used the improved Tikhonov regularization method for 

structural damage identification, which was more accurate under noise conditions. Li et al.[25] proposed an 

adaptive Tikhonov regularization method to solve parameter correction of nonlinear model, which is more 

accurate than the traditional method under high noise conditions. Wang et al.[26] used the iterative Tikhonov 

regularization method to identify the load size outside the structure and prove its stability 

In this study, the vehicle FRF is regarded as a continuous function in frequency domain, and Tikhonov 

regularization method is used to fit it for the elimination of singular points. In the second part, the expression 

method of vehicle acceleration FRF and Tikhonov regularization correction method are introduced. In the third 

part, the feasibility of the proposed method is verified by numerical simulation. 

2. Identification of Vehicle Frequency Response Function  

2.1 Vehicle model 

A four-DOF half-car model adopted in this paper is shown in Figure 1, which is a simplified mass-spring and 

damping model. The model can represent the mechanical characteristics of the vehicle suspension and the 

unsprung part. Here 𝑢1(𝑡) , 𝑢2(𝑡) , 𝑢3(𝑡)  and 𝑢4(𝑡)  of the model respectively represents the vertical 

displacement of the vehicle body, the pitching rotation of the body, the vertical displacement of the front wheel 

and the vertical displacement of the rear wheel. 

 
Figure 1:Half-car model of vehicle  

 

The parameters used to represent the vehicle body refer to body mass 𝑚1, body pitch moment of inertia 𝑚2, 

distance respectively from the centroid of the vehicle to front and rear wheel 𝑒1 and 𝑒2. The parameters of 

the suspension include front and rear suspension stiffness 𝑘1 and 𝑘2 , front and rear suspension damping 

coefficients 𝑐1 and 𝑐2. The parameters of the wheels -- unsprung part include mass of front and rear wheel 

𝑚3 and 𝑚4 and the stiffness coefficients 𝑘3 and 𝑘4 of front and rear wheels.  

Assume the vehicle travels on a rigid road surface, so that the coupled vibration of the vehicle and road can be 

ignored. The vibration differential equation of the vehicle can be obtained by system dynamic force analysis. 

Its matrix form is shown in Eq. (1) where M, C and K respectively represents the vehicle mass matrix, damping 

matrix and stiffness matrix. Respectively denote 𝑟1(𝑡) and 𝑟2(𝑡) as the road profile corresponding to the 

wheel and ground contact displacement. F represents the excitation generated by the road roughness of the 

vehicle, which can be calculated by the stiffness of wheels and the road profile, as show in Eq. (2). The detailed 

elements in matrices of Eq. (1) are expressed as Eq. (3) ~ Eq.(8). 

(1) Mu
..
(t)+Cu

.
(t)+Ku(t)=F(t) 

 

(2) 𝐅(𝐭) = 𝐊𝐭𝐫(𝐭)  

(3) 𝐌 =

[
 
 
 
𝐦𝟏

𝐦𝟐

𝐦𝟑

𝐦𝟒]
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(4) 𝐊 =

[
 
 
 

𝐤𝟏 + 𝐤𝟐 𝐤𝟐𝐞𝟐 − 𝐤𝟏𝐞𝟏 −𝐤𝟏 −𝐤𝟐

𝐤𝟐𝐞𝟐 − 𝐤𝟏𝐞𝟏 𝐤𝟏𝐞𝟏
𝟐 + 𝐤𝟐𝐞𝟐

𝟐 𝐤𝟏𝐞𝟏 −𝐤𝟐𝐞𝟐

−𝐤𝟏 𝐤𝟏𝐞𝟏 𝐤𝟏 + 𝐤𝟑 𝟎
−𝐤𝟐 −𝐤𝟐𝐞𝟐 𝟎 𝐤𝟐 + 𝐤𝟒]

 
 
 

 

 

(5) 𝐂 = [

𝐜𝟏 + 𝐜𝟐 𝐜𝟐𝐞𝟐 − 𝐜𝟏𝐞𝟏 −𝐜𝟏 −𝐜𝟐

𝐜𝟐𝐞𝟐 − 𝐜𝟏𝐞𝟏 𝐜𝟏𝐞𝟏
𝟐 + 𝐜𝟐𝐞𝟐

𝟐 𝐜𝟏𝐞𝟏 −𝐜𝟐𝐞𝟐

−𝐜𝟏 𝐜𝟏𝐞𝟏 𝐜𝟏 𝟎
−𝐜𝟐 𝐜𝟐𝐞𝟐 𝟎 𝐜𝟐

] 

 

(6) 𝐊𝐭 = [

𝟎 𝟎
𝟎 𝟎
𝐤𝟑 𝟎
𝟎 𝐤𝟒

] 

 

(7) 𝐫 = [
𝐫𝟏

𝐫𝟐
]  

(8) 𝐮 = [

𝐮𝟏

𝐮𝟐

𝐮𝟑

𝐮𝟒

] 

 

 

2.2 Frequency response function of vehicle 

Perform Fourier transform on both sides Eq. (1), and the vehicle dynamic equation in the frequency domain 

can be obtained, which is shown in Eq. (9) as follows： 

(9) −𝛚𝟐𝐌𝐔(𝛚) + 𝛚𝐣𝐂𝐔(𝛚) + 𝐊𝐔(𝛚) = 𝐊𝐭𝐑(𝛚)  

The vehicle responses 𝐔(𝛚) in frequency domain can be obtained from Eq. (9), as shown in Eq. (10): 

(10) 𝐔(𝛚) = (−𝛚𝟐𝐌 + 𝛚𝐣𝐂 + 𝐊)−𝟏𝐊𝐭𝐑(𝛚)  

When only acceleration sensors are used to measure the responses in practice, the measured responses can be 

written as in Eq. (11), where 𝐶0 is the observation matrix. 

(11) 𝐘(𝛚) = −𝛚𝟐𝐂𝟎𝐔(𝛚)  

By substituting Eq. (10) into Eq. (11), the measured responses can be expressed in the term of FRF and road 

roughness in frequency domain, as shown in Eq. (12): 

(12) 𝐘(𝛚) = 𝐇𝐲𝐫(𝛚)𝐑(𝛚)  

The vehicle FRF between road surface and vehicle acceleration is shown in Eq. (13): 

(13) 𝐇𝐲𝐫(𝛚) = −𝛚𝟐𝐂𝟎(−𝛚𝟐𝐌 + 𝛚𝐣𝐂 + 𝐊)−𝟏𝐊𝐭  

 

2.3 Estimation of vehicle FRF using Tikhonov regularization method 

FRF can be estimated directly according to Eq. (14). 

(14) 𝐇𝐲𝐫(𝛚) = 𝐘(𝛚)𝐑−𝟏(𝛚)  

The amplitude of road roughness 𝐑(𝛚) is close to 0 at some frequency values, which results in the singularity 

of the frequency response at these values. According to the relationship expressed in Eq. (1), the Tikhonov 

regularization method is used to establish the objective function for the estimation of the vehicle frequency 

response function 𝐇𝐲𝐫(𝜔), as shown in Eq. (15). 
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(15) 𝐦𝐢𝐧(𝐟) ⟹ ∑‖𝐇𝐲𝐫(𝜔𝑖)𝐑(𝜔𝑖) − 𝐘(𝜔𝑖)‖𝟐

𝟐
+ 𝛌∑‖𝐇𝐲𝐫(𝜔𝑖) − 𝐇𝐲𝐫(𝜔𝑖−1)‖𝟐

𝟐
  

where 𝜆 represents the regularization coefficient. 

3 Numerical Simulation 

 
To verify the validity of the proposed theory, a four-DOF half vehicle model is used for numerical simulation 

of the vehicle driving over the bump at a certain speed. The vehicle model is shown in Figure 1. 

3.1 Parameters of vehicle model and bump  

The values of the vehicle parameters are shown in Table 1. In addition, the distances between the centroid of 

the vehicle and the front and rear wheels respectively is 𝑒1 = 1.5m and 𝑒2 = 1.6m. 

 

Model parameters Values 

𝑚1 1400 kg 

𝑚2 2000 kg·m2 

𝑚3 75 kg 

𝑚4 70 kg 

𝑘1 26000 N/m 

𝑘2 25000 N/m 

𝑘3 184000 N/m 

𝑘4 154000 N/m 

𝑐1 3000 N·s /m 

𝑐2 3000 N·s /m 

Table 1: Vehicle parameters 

The height of the bump is 0.02m with length of 0.5m, and the shape of its profile is shown in Figure 2. In the 

simulation, the vehicle passes the bump at two speeds, i.e. 9 m/s and 5 m/s respectively. In cases of different 

driving speeds, the corresponding excitation generated by the bump in frequency domain is shown in Figure 

3. 

According to Eq. (13) , via the measured vehicle responses, the vehicle FRF can be calculated if the profile of 

the road surface is known. Therefore, a field test of a vehicle driving over a bump of known shape is designed, 

where the profile of the bump is taken as the known road profile with the designed shape shown in Eq. (16): 

(16) 𝒓(𝒙) =
𝒉(𝟏−𝒄𝒐𝒔(

𝟐𝝅𝒙

𝒍
))

𝟐
   𝟎 ≤ 𝒙 ≤ 𝒍  

 

 
Figure 2: Bump profile 
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Figure 3: the excitation generated by the bump in frequency domain in case of different driving speeds 

 

3.2 The simulated measured vehicle responses 

Acceleration sensors were employed to measure the vertical responses, which are respectively located along 

the DOF of body 𝑢1(𝑡) , front wheel 𝑢3(𝑡)  and rear wheel 𝑢4(𝑡) , and recorded as 𝑠1 , 𝑠2  and 𝑠3 . To 

improve the calculation accuracy, let the vehicle pass over the bump at a constant speed of 9 m/s and 5m/s 

respectively. 5% gaussian white noise is added in the simulated measurement signal to simulate the noise 

pollution in practice. The time histories of the measured acceleration responses by sensors 𝑠1, 𝑠2and 𝑠3 at 

different speeds are respectively shown in Figure 4~Figure 6. By Fourier transform, the measured responses 

in frequency domain are respectively shown in Figure 7~Figure 9. 

 

  
Figure 4:Accelerations of the front wheel measured 

by 𝑠2  with velocities of 9 m/s and 5 m/s, 

respectively 

Figure 5:Accelerations of the rear wheel measured 

by 𝑠3  with velocities of 9 m/s and 5 m/s, 

respectively 

  

 

Figure 6: Accelerations of the vehicle body measured by 𝑠1 with velocities of 9 m/s, and 5 m/s, respectively 
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Figure 7: Acceleration of the front wheel measured 

by 𝑠2  with velocities of 9 m/s and 5 m/s 

respectively in frequency domain  

Figure 8: Acceleration of the rear wheel measured by 

𝑠3 with velocities of 9 m/s and 5 m/s respectively in 

frequency domain 

  

 

Figure 9: Acceleration of the vehicle body measured by 𝑠1 with velocities of 9 m/s and 5 m/s respectively 

in frequency domain 

3.3 Estimation of FRF using the direct calculation 

Via Eq. (14), the acceleration FRF of different DOF to the displacement of wheel contact point can 

be calculated directly as shown in Figure 10~Figure 15. 

  

Figure 10: Estimated vehicle FRF along DOF 𝑢1 to 

the unit displacement of the front wheel contact point 

Figure 11: Estimated vehicle FRF along DOF 𝑢1 to 

the unit displacement of the rear wheel contact point 

  

Figure 12: Estimated vehicle FRF along DOF 𝑢3 to 

the unit displacement of the front wheel contact point 

Figure 13: Estimated vehicle FRF along DOF 𝑢3 to 

the unit displacement of the rear wheel contact point 
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Figure 14: Estimated vehicle FRF along DOF 𝑢4 to 

the unit displacement of the front wheel contact point 

Figure 15: Estimated vehicle FRF along DOF 𝑢4 to 

the unit displacement of the rear wheel contact point 

 
From Figure 10~Figure 15, it can be seen that there are singular points existing in the frequency response 

function calculated using only data from a few times of tests. In the curve of the estimated FRF, several singular 

points exist especially after 15 Hz, and thus it will cause large errors in the further application of FRF. 

3.4 Updating of FRF using Tikhonov regularization 

In the above analysis, due to noise pollution or lack of measured data, there are obvious singular values in the 

direct estimation of vehicle FRF. The Tikhonov regularization method is used to update the estimated FRF. Set 

the regularization coefficient λ=0.0025 in Eq. Błąd! Nie można odnaleźć źródła odwołania. .  

  

Figure 16: The updated vehicle FRF along DOF 𝑢1 

to the unit displacement of the front wheel contact 

point  

Figure 17: The updated vehicle FRF along DOF 𝑢1 

to the unit displacement of the rear wheel contact 

point  

  

  
Figure 18: The updated vehicle FRF along DOF 𝑢3 

to the unit displacement of the front wheel contact 

point 

Figure 19: The updated vehicle FRF along DOF 𝑢3 

to the unit displacement of the rear wheel contact 

point 
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Figure 20: The updated vehicle FRF along DOF 𝑢4 

to the unit displacement of the front wheel contact 

point 

Figure 21: The updated vehicle FRF along DOF 𝑢4 

to the unit displacement of the rear wheel contact 

point 

5. Conclusion 

 
A method for the estimation of vehicle FRF was proposed based on Tikhonov regularization. The validity of 

the method was verified by numerical simulation of vehicle driving tests, and the main conclusions are as 

follows: 

(1) Although the vehicle acceleration FRF can be estimated theoretically via the measured response of the 

vehicle passing over a bump with known shape, there are many singular values in the obtained results, 

especially in the part of high frequencies.  

(2) Tikhonov regularization method can be used to update the estimated frequency response function, and then 

the vehicle FRF with higher accuracy can be obtained, which help realize the further potential application of 

vehicle FRF. 
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1. Abstract 
 

The current European Union (EU) policy aims to increase the use of “green” energies, and within this strategy 

the exploitation of the geothermal energy is a well promising approach. The European Horizon2020 project 

GEOFIT (Deployment of novel GEOthermal systems, technologies and tools for energy efficient building 

retroFITting) aims among the others to deploy and to integrate advanced methods of worksite inspection, 

ground research, and building structural monitoring, drilling and worksite characterization into advanced 

geothermal based retrofitting methods.  

When dealing with “plants of power production”, one needs to develop a Life Cycle Analysis and to apply a 

Life Cycle Assessment (LCA) for evaluating any environmental aspects and potential influences throughout 

the whole life cycle of a product or process or service. The paper first provides a preliminary discussion on 

this aspect. Then it focuses attention on a pilot site made available within the GEOFIT Consortium. The results  

from a structural monitoring campaign in this pilot site before and during the  drilling operations associated to 

the implementation of the geothermal power system are presented discussed. 

2. Introduction 
 

The authors are currently engaged in the European Horizon2020 project GEOFIT (Deployment of novel 

GEOthermal systems, technologies and tools for energy efficient building retroFITting). It aims, among others 

goals, to deploy and to integrate advanced methods of worksite inspection, ground research, and building 

structural monitoring, drilling and worksite characterization into advanced geothermal based retrofitting 

methods [1].  One of the pillars of the ongoing investigation is the exploitation of Life Cycle Analysis and Life 

Cycle Assessment (LCA), according to the definitions in ISO 14040 [2], toward the rationalization of the 

design. It is a technique for evaluating environmental aspects and potential impacts throughout the life cycle 

of a product or process or service through:  

• the compilation and inventory of the significant inputs and outputs of the system;  

• the assessment of the potential impacts associated with these inputs and outputs;  

• the interpretation of the results of the inventory and evaluation phases, in relation to the objectives of the 

study. 
 

When focusing on plants of power production, LCA is often adopted for comparing solutions exploiting 

different sources. A deep study was produced by the US Department of Energy in 2010 [3]. More recently an 

updated review was published in 2017 in [4]. All these studies report on large-size plants (see Figure 1). Section 

3 discusses these aspects for smal size applications. The further sections illustrate the expertise caugth in 

monitoring the implementation stages. 

3. Life Cycle Assessment outcome for small size geothermal plants 
 

Any geothermal plant shows interfaces with the external world at the source and at the output levels. Under 
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the assumption that no disturbance is left at any time at the source level, a regular performance of the plant 

does not offer impacts at the output level. By contrast, any stop obliges the user to move to the power offered 

by the power company of reference. The associated global costs become losses originated by each stop of the 

geothermal plant and they strongly depend on the time of unavailability.  

 
Figure 1 – The plant sketch considered by the US Department of Energy. 

In the specific case of GEOFIT, the attention is focused on rural buildings or small size town buildings being 

“geothermal retrofitted”. Thus, one of the expected goals covers the optimization of the plant design. This is 

the specific target pursued in this section.  

When approaching LCA analysis and studies, the possibility to deal with redundancy system is fundamental 

to compute the reliability of the resulting system. As a first step one needs to idealize whether the system is 

classifiable as [5-7] : 

• Series systems that also are non-repairable: the system works if and only if all components work (non-

redundant system); 

• Parallel systems that also are non-repairable: the system works even if some components are not working 

(redundant system). 

Once the plant is idealized as the series/parallel assemblage of components, the target is to compute the 

reliability of the resulting system, characterized by a number of redundancies to be optimized. These 

redundancies are better adopted for those components whose replacement requires more time. The actual 

economic options, however, can only be caught when data on the costs encountered after a system failure are 

made explicit.   

As well outlined in the GEOFIT research activity progresses, three classes of component characterize a 

geothermal plant: the pipe, the pump and the conversion device (i.e. single redundancy). In the following table 

the reliability versus time for systems with single redundancy as obtained by CARDINAL [8] are presented. 

The selected redundancy degree influence the extent of the drilling the implementation of the power system 

requires.  

 

Redundancy 1 year 5 years 10 years 20 years 

borehole 1 - 0.1045 1 - 0.4237 1 - 0.6700 1 - 0.8933 

geothermal pump 1 - 0.0526 1 - 0.2894 1 - 0.5505 1 - 0.8449 

radiant panel 1 - 0.0837 1 - 0.3650 1 - 0.6134 1 - 0.8668 

Double:bor.&pump 1 - 0.0409 1 - 0.2474 1 - 0.4990 1 – 0.8114 

 

Table 1 – Reliability vs. time for systems with single and double redundancy as obtained by CARDINAL 
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4. Pilot case: The “Pins del Vallès School in Sant Cugat” 

The case under study covers “Els Pins del Vallès” School, which is located in Sant Cugat, about 25km North-

West of the town of Barcelona (Spain) (see Figure 2). The building under study consists of three reinforced 

concrete elements:  

1. School main building;  

2. Administrative building (see Figure 3);  

3. Pavilion building. 

 

      

Figure 2: Pilot site location. 

The building investigated in this paper is the administrative building (building #2 in Figure 2), i.e., the closest 

to the selected drilling site. From a structural point of view, its scheme consists of reinforced concrete (RC) 

columns, beams and walls. Geometrically speaking the building has a rectangular-shaped plan: about 23.70 by 

12.75 m. It has only one floor above the ground and a double-pitch roof. The inter-floor height varies in the 

range from 2.50 to 3.50 m (see Figure 3). 

     

Figure 3: Administrative building: frontal view (left); plant (right). 

Due to some technical issues related to the implementation of the geothermal technology, and in particular due 

to the vibration caused during drilling activities, standard application refers only to buildings in isolated 

locations, i.e., far from urban nuclei. Nevertheless, the installation itself requires to drill close to the building. 

The source of vibrations caused by this activity may result dangerous for the target building. Thus, a careful 

Structural Monitoring (SM) on site, during excavation activities, has to be planned to prevent from any sort of 

structural damage [9].   

 

5. The experimental campaign 

A dedicate monitoring campaign based on the acquisition of acceleration data of sensitive points along the 

administrative building under environmental loads and under drilling activities has been designed and 

 

  

3 

1 

2 

DRILLIN
G SITE 
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implemented. This campaign had a double purpose:  

1. To identify the dynamic behaviour of the building in the original state (pre-drilling) and during the 

drilling activities;  

2. To customize and to validate a “building monitoring strategy when implementing geothermal power 

system” in an existing building. 

The tests carried out on site has been organized as follows: 

A. a preliminary visual investigation of the building to determine the current state of the structure in its 

operational state and the detection of possible anomalies and/or damage.  

B. environmental loads survey campaign carried out by the acquisition of accelerometric signals to assess the 

building dynamic behaviour in the pre-drilling phase; 

C. drilling phase survey campaign to cover the collection of accelerometric data during the installation of the 

geothermal energy system (i.e. drilling activities). 

 

The monitoring system designed for the above purpose is made by a set of  tri-axial EPISENSOR Model FBA 

ES-T accelerometers [10] coupled with a Wireless Data Acquisition, collection and transmission System 

(WDAS) designed in [11-12] and tested during several test applications [13-14]. The main advantages of using 

these sensors are: very-low self-noise, resulting in 155 dB dynamic range; user-selectable full g-scale range: 

from ±0.25g to ±4g; user-selectable full output range: from ±2.5V to ±20V, differential; wide frequency 

response: from DC to 200 Hz (Figure 4).  

When using wireless sensor units for the data transmission and collection there is the risk of data losses during 

transfer. The workstations adopted in the test come with the option of storing not only the received data but 

also the history of the transmission. This allows the operator to detect if data lost occurred as well as if some 

workstations received more points than others did. Therefore, in selecting the test among the several replicates 

carried out at the same sensor locations, the criterion of having the same number of recorded points was 

adopted. In other words, the elaborations cover reliable data only.  

All recorded data have been gathered in terms of “Volts” and then converted into acceleration “m/s2” simply 

multiplying “Volts” by the factor “1/2.5” according to the technical specification of the accelerometers (SEE 

Figure 5). 

 

       

Figure 4: Device equipment. Left: EPISENSOR Model FBA ES-T accelerometers; Right: Wireless Data 

Acquisition, collection and transmission System (WDAS) 

 

During the fourth day (drilling activities phase), in order to identify the drilling-machine working frequencies 

for further and easier data elaboration and discussion, a data acquisition test focused on the drilling machine, 

was carried out by installing an Episensor FBA accelerometer directly on the machine (Figure 6). 
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Figure 5: Devices configurations 

 

   

Fig. 6 Drilling machine (left); The accelerometer on the drilling machine (right) 

6. Some results 
    

In this section the signal data elaborations (accelerations) gathered during the monitoring campaigns is 

presented. The data analysis used the tools offered by the MatLab environment (www.mathworks.com) and 

plotted in terms of periodograms. One estimates such periodogram in two alternative ways:  

1. either by plotting the square of the absolute value of the signal’s Fast Fourier Transform (FFT) 

multiplied by the time step (0.01s for all the recorded signals) and divided by the numbers of recorded 

points. The covered frequency range is from 0 to 50Hz, for a time step of 0.01s, and the frequency step 

results from the division of the higher frequency value, 50, divided by one half of the number of 

available recording times.  

2. or by estimating the power spectral density of the signal for a given frequency step.  
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Option “1” was used to analyse the dynamic behaviour of the drilling machine as shown in Figure 7, mainly 

due to the wish of exploiting the entire reliable parts of the recorded signals.  

 

    
Figure 7. Dynamic characterization of the drilling machine. Periodograms for the signals recorded along the 

directions X (left) and gravity (Z) (right). 

Option “2” was selected to analyse the administrative building response pre- and during-drilling activities (see 

sections 5). A discretization of the range 0-50 Hz in 512 points has been adopted. This scheme works on 

windows of the signal of 1024 points and keep the mean over the available windows. To preserve the same 

degree of accuracy not the entire signals are compared but segments of the same length, multiple of 1024 

points, i.e., 2 to power 10. In particular, segments of length 32,768 (2 to power 15) were retained. For any 

selected set of data, the mean is first removed. Then a band-pass filter covering the window 0.8 – 50 Hz filters 

the signal. The plots give the periodograms achieved by a Power Spectral Density (PSD) estimate on windows 

of 2^10 (=1,024) points.  

The data plotted in Figure 8 and Figure 9 come from the elaboration of the data recorded at WS3 along 

directions Z and X respectively. The left column covers the “pre-drilling” tests; the right column those during 

the drilling activities. The work station unit WS3 is located on a manhole nearby the building (see Figure 5). 

The signals collected in that location represents the incoming ground vibration for the building. 

 

 

Figure 8. WS3: PSDs of the signals collected along gravity direction (Z): left “pre-drilling”; right “during the 

drilling” 
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Figure 9. WS3: PSDs of the signals collected along horizontal direction (X): left “pre-drilling”; right “during 

the drilling” 

 

As shown in Figure 7 the drilling machine itself generates three main frequencies, around 13 Hz, 28 Hz and 

43 Hz. Moreover, the workstation on the manhole labelled as WS3 (Figure 5) shows that there is an external 

input when the drilling machine is active, input that was absent in the previous days when drilling activities 

was not carried out (Figure 7 and Figure 8). 

7. Conclusions 
 

In this paper the data gathered in a RC single-story building located in San Cugat (Barcelona-Spain), a pilot 

case within GEOFIT Project, have been collected, elaborated, presented, discussed and implemented within a 

LCA (Life Cycle Assessment) process to validate a “building monitoring strategy when implementing 

geothermal power system” in an existing building. 

The basic steps of LCA, as introduced in Section 3, showed out the main role of the “system redundancy”. The 

estimates in Table 1 outline the role of redundancy on the system reliability. Nevertheless, one cannot ignore 

the role of reparability and availability in the decision process.  

Regarding the “building monitoring strategy” scope of the “pilot case” experience, one could extract the 

following items in view of guidelines for an automatic implementation of a geothermal power system in an 

existing building: 

• define the dynamic behaviour of the “drilling machine” (by direct data acquisition); 

• test the propagation of the vibration from the drilling location to the existing building; 

• replicate the test at different depth of excavation, to understand the different response at the basement; 

• produce the building signature to identify the frequencies sensible to nearby vibrations. 

 

The experience carried out shown as the whole data acquisition process could easily be implemented in a 

consultation assistant and would be easily implemented in the field by technicians in thermo-technique, also 

without any background in vibration mechanics. 
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the development of a surrogate to predict dynamic responses of an entire fully-coupled gearbox system has
not been achieved so far. By implementing an automatic integration of Python with the Romax software [12],
this work will enable the creation of a novel NN-based surrogate model for the static and dynamic analysis of
complete gear transmission. The present paper adds to the current state of the art as it analyzes a surrogate of a
complete gearbox model, including housing and dynamic effects.

3 . Construction of the Surrogate Model of the Gear Whine Analyses and Uncertainty
Propagation Methodology

The first step in building a surrogate is to have a high-fidelity simulation model being used as the ground
truth. Therefore, a complete model of gearbox with gears, shafts, bearings and housing was built in Romax
software. The gear bodies are modeled as integral with the shafts using Timoshenko beam elements, while the
bearings are modeled as [6x6] stiffness matrix by linearizing their behavior near the operational condition. The
housing is modeled by a Finite Element (FE) model reduced with the Craig-Bampton method to decrease the
computational cost of the simulations while still taking into account the dynamic behavior, which results in a
fully-coupled system of the gearbox [7].

First, a static analysis of the system is performed on each load condition to evaluate the system elastic deflection,
which includes bearing displacements and the deformations of the shafts, gears, and housing and results in the
gear mesh misalignment. The FE-based model of the tooth contact provides the tooth compliance matrix C,
the mesh stiffness k and tooth deflection in relation to the input angular position θ [4]. The tooth compliance
matrix accounts for tooth bending, root rotation and translation, Hertz deformation, and radial deformations.
Then, STL can be evaluated simultaneously with the static load distribution in the contact line p for a given
static force transmitted F , by solving:

(1)

{
C(θ)p(θ) = STE(θ)− e(θ)∑

i pi(θ) = F

where, e is the vector with the initial gap between the teeth at each discrete point, including the effects of the
micro-geometric modifications, manufacturing errors, and gear mesh misalignment.

The STE displacement multiplied by the system compliance at the gear mesh location results in the force
resulting from the transmission error. This force is then applied as the excitation source of the system in the
dynamic analysis. In this paper, the dynamic system is modeled by a linear analysis with constant mesh stiffness
approximated to its average value and it is solved in the frequency domain. The resulting frequency response
functions (FRF) allow evaluating, e.g., the bearing forces and housing responses across the operating speed
range.

Using the physics-driven gear transmission model, M pairs of input-outputs are sampled based on Latin Hyper-
cube Sampling (LHS) to create a database of supporting points in the design space of interest. The LHS results
in an informative database, with good space-filling properties and allows capturing the effects of the iterations
among the variables. The Python routine integrated with Romax enables to perform the sampling by running
the gear transmission model with the parameters defined by the LHS.

A fully-connected NN is used to create the surrogate model in this paper and it can be trained to predict all
static and dynamic quantities of interest related to the gear whine at once. The inputs of a fully-connected NN
are combined through a sequence of arithmetic operations that depend on the NN parameters called weights
and biases. In supervised training, as in this paper, the NN outputs are compared with the reference outputs
from the physical-driven model and an assessment of the error between them defines the NN loss function. The
training process consists of optimizing the weights and biases of the NN to minimize the loss function. In order
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to improve the NN performance and the optimization convergence, the inputs and outputs are scaled before
training, in the data preprocessing stage.

The ML performance is evaluated in the remaining samples of the database, known as the test dataset. The
workflow for the construction of the surrogate model is presented in Figure 1 and further details on the imple-
mentation of NN can be found at [5, 10]. Once trained, the surrogate model can predict the gearbox static and
dynamic results with little loss of accuracy and with low computational cost.

Design	
Variables

𝑿

System	
Response

𝒀

Expensive path

𝑿,𝒀

Training	
Dataset

Surrogate
Model

Physics -Driven
Model

Cheap path

1. Create physics-driven model
2. Sample supporting points
3. Preprocess data and train ML
5. Evaluate new predictions

Surrogate Workflow

1
2

4

3

Sampling

Predictions

Prepare Data
& ML Training

Figure 1: Workflow for the construction of the surrogate model of the gear transmission.

Hence, surrogate models are widely used in analyses that demand a large number of evaluations of the same
function, as in uncertainty propagation analyses. These analyses provide the output uncertainties given the
input uncertainties and are necessary to develop robust and reliable designs. Popular and accurate uncertainty
propagation methods are based on Monte Carlo (MC) simulation methods [9], which generate random samples
from the input statistical distribution and evaluate the deterministic response of each sample. The ensemble of
all deterministic responses converges towards the stochastic response as the number of samples tends to infinity.

MC methods are convenient as they use the non-modified deterministic model, but are computationally costly
as they demand numerous evaluations of this model. Thus, the joint use of MC with surrogates is advantageous
and, therefore, largely used in the literature [3], as it enables fast evaluations of the deterministic model, opti-
mized simultaneous evaluation of large sets of samples by using batch prediction and automatic parallelization
of the solution.

4 . Gear Whine Static and Dynamic Uncertainty Propagation Results via the Surrogate Model

This section presents the results of the investigation of the use of the NN-based surrogate model to propagate
the effects of micro-geometry errors on static and dynamic indicators of gear whine noise. The analyses were
carried out using a single-stage gear transmission with helical gears with module equals two, face width of
20mm and having 55 and 49 teeth in the wheel and pinion, respectively. Figure 2a shows the main dimensions
of the gearbox used and Figure 2b shows the Romax model with the position where the housing acceleration
was evaluated. The results were obtained for a load case with 50Nm of input torque. All analyses were carried
out using a desktop with 4 cores with 3.6GHz and an NVIDIA Quadro P400 GPU.

The gear micro-geometry parameters illustrated in Figure 3 were considered as inputs, namely the involute
crowning Cα, the lead crowning Cβ and lead slope CHβ , for both pinion and wheel teeth, implying a six-
dimensional design space. Table 1 presents the design space of interest considered for the input variables, from
where M = 1000 input-output pairs were sampled using the Latin hypercube sampling method with Romax,
which took 1891.85 seconds. Any output of the high-fidelity model can be used to train the surrogate model.
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(a) Top view of 2D drawing. (b) Model in Romax with red arrow indicating the position where the
housing acceleration was evaluated.

Figure 2: Single stage gear transmission.

Table 1: Design space of the gear teeth micro-geometry input variables. The ranges apply to both pinion and
gear micro-geometries.

CHα Cβ CHβ

[µm] [µm] [µm]

Lower Bound 0 0 -20
Upper Bound 15 15 20

In this paper, the peak-to-peak transmission error (PPTE) and the housing acceleration at the position indicated
by the red arrow in Figure 2b were chosen as the static and dynamic indicators of the gear whine performance,
respectively.

Figure 3: Gear tooth micro-geometry parameters used: involute crowning Cα, lead crowning Cβ and lead slope
CHβ . Source: [15].

4.1 . NN-based Surrogate Accuracy

The surrogate model is based on a fully-connected NN with one input layer with six neurons, four hidden layers
with 16 neurons each, and 101 neurons in the output layers, which correspond to the number of evaluated output
results for each design, that is the PPTE and the housing acceleration evaluated at 100 different frequencies
input shaft speed ranging from 0 to 4000 rpm, as illustrated in Figure 4. The neural units use the sigmoid
function as activation function, excepted by the output layer that uses softmax function. The Adam optimizer
is used to optimize the mean squared error during the NN training, which takes place in 3000 epochs with
batches of 16 samples. The database was divided into 200 samples for the test database and 800 samples for
the training dataset, from which 80 samples are used as the validation dataset.The inputs and the outputs were
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scaled using respectively StandardScaler and MinMaxScaler from scikit-learn library and are fitted solely in
the training dataset. The NN implementation was done with Keras library in Python.

Figure 4: Representation of the Neural-Network used to implement the surrogate model.

The NN training took 434.84 seconds and the final surrogate achieved a root mean squared error (RMSE) in the
test database of 0.08 µm for the PPTE and 0.08 m/s2 for the housing acceleration at any frequency. Figures
5a and 5b shows the scatter plot of the true values and the prediction values in the test dataset for PPTE and
housing acceleration, respectively. Figure 5c shows the good agreement between the true and the predicted
curve for the housing acceleration for an illustrative design sample from the test dataset. Once the NN-based
surrogate is trained, it can predict new results in a negligible time.
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(a) Scatter plot of testing data of true observations versus
surrogate predictions of PPTE with RMSE = 0.08 µm.
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(b) Scatter plot of testing data of true observations ver-
sus surrogate predictions of housing acceleration with
RMSE = 0.08m/s2.
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(c) True and predicted housing acceleration curves for one
design in the test dataset.

Figure 5: Accuracy of the Neural Network-based surrogate model.
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4.2 . Uncertainty Propagation

Table 2: Design space of the gear teeth micro-geometry.

CαPinion CβPinion
CHβPinion

CαWheel
CβWheel

CHβWheel

µm µm µm µm µm µm

Design 1 µ1 5 5 0 7 5 -3
Design 2 µ2 11 8 14 7 2 5
Design 3 µ3 3 10 -10 2 10 -5

Tolerance ∆1,2,3 1 1 1 1 1 1

The use of surrogate models becomes beneficial when multiple evaluations are necessary, as in the uncertainties
propagation analysis by the MC method. The Monte Carlo simulation is performed for the three micro-geometry
designs in Table 2 using both Romax and the surrogate in order to illustrate the time-saving capabilities of the
surrogate. The input distribution is given by a uniform distribution µ ±∆, where µ is the design mean and ∆
is the tolerance, and M = 2500 random samples from this distribution are evaluated in order to evaluate the
output distributions, leading to an MC error of the order of 0.02 [17].

The time spent propagating the uncertainties for each design averages 4751.8 s with Romax and 12.5 s with the
surrogate model, that is, the surrogate is 380 times faster than Romax. The sampling time (1891.85 s) and the
training time (434.84 s) must be considered once since after creating the surrogate it can be used to propagate
uncertainties of all designs contained in the defined space of interest.

Figure 6 shows the PPTE confidence interval obtained with both Romax and with the NN-based surrogate for
the three designs. It is observed that the results obtained with the NN-based surrogate model are very close
to those obtained with Romax, being that only the propagation of uncertainties of design 3 presents a visible
difference in Figure 6, which is still acceptable. Figure 7 shows the M = 2500 housing acceleration curves of
the MC estimator for design 1 obtained with Romax and with the surroate model.

Both static and dynamic results show a good agreement between Romax and surrogate results, therefore, the
proposed NN-based surrogate model was successfully used to speed-up uncertainty propagation analyses of
gear whine. Any other quantity of interest of the gear transmission model could be added to the NN training to
be predicted by the surrogate.

ML-Based Surrogate Romax Model

0.5

1

1.5

2

2.5
Design 1
Design 2
Design 3

PP
T
E
 [
μ
m

]

Figure 6: Comparison of the peak to peak transmission error uncertainty propagation using a Romax model
and the correspondent surrogate model for three different gear micro-geometry designs.
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(a) Results with Romax model.
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(b) Results with ML-based surrogate.

Figure 7: Uncertainty propagation results of the housing acceleration curve using Monte Carlo method for the
Design 1.

5 . Conclusion

This paper investigates the use of Neural-Network (NN) based surrogate models applied to gear whine problems
and its application to robust design modeling. An NN-based surrogate was constructed to predict the housing
acceleration for several shaft speeds and the peak-to-peak transmission error (PPTE) regarding the gear micro-
geometry parameters, namely lead crowning, lead slope, and profile crowning of wheel and pinion teeth. The
surrogate uses a high-fidelity physical simulation modeled with Romax software as ground truth, including
gears, shafts, bearings, and housing.

The NN-based surrogate has reasonable accuracy, with root mean square errors of 0.08m/s2 for the housing
acceleration and 0.08µm for the PPTE. It was shown that the proposed surrogate is suitable to perform un-
certainty propagation using methods like Monte Carlo, which relies on several evaluations of the model. The
uncertainty propagation results with the surrogate are computed 308 times faster than with the high-fidelity
model and present minor precision loss.

Therefore, the proposed surrogate model is adequate to assist the robust design of the gear micro-geometries
considering static and dynamic results, making an extensive exploration of the design space feasible. Further
work could use the proposed surrogate in a robust optimization analysis.
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Abstract: The passive vibration absorber is a commonly-used technique in industrial applications where vibra-
tion suppression is required. Traditionally, it contains springs, dampers and masses. Since the introduction of
a new element termed ‘inerter’, the network possibilities of passive vibration absorbers have been greatly en-
larged. The previous structure-immittance approach can already identify the optimal solution from all network
possibilities with a controlled complexity. However, the inability to automate the the step of network enumera-
tion limits its wide application. To this end, a novel design approach based on graph theory is proposed in this
paper. The approach has been implemented with a program, which can automatically generate the full set of
two-terminal networks with any pre-determined number of each element type (such as springs, dampers and
inerters in a mechanical absorber). Then, genetic optimization is used to identify the optimal one within the
full set. The suspension design problem for a standard quarter-car model is adopted as a case study. The results
show that, compared with the traditional spring-damper layout, the identified network can achieve up to 28.4%
ride comfort improvement.

Keywords: vibration absorber, graph theory, optimal design, programmatic implementation, vehicle suspension

1 . Introduction

Passive vibration absorbers, traditionally comprising springs, dampers and masses, play a vital role in im-
proving dynamic performance of mechanical structures, e.g., enhancing vehicle riding quality, reducing noise
from the engine and minimizing track wear induced by rail-wheel interactions. In 2002, a new passive element
termed ‘inerter’ was introduced [1]. Contrasting with the mass element, the generated force of an inerter is
proportional to the relative acceleration across its two terminals. Its introduction fundamentally enlarges the
network possibilities of two-terminal passive absorbers. To identify a beneficial absorber network, there are
three traditional approaches that can be used: the structure-based approach, the immittance-based approach
and the evolutionary-based approach.

The structure-based approach (e.g., [2, 3]) first proposes a network layout and then tunes the parameter of
each element according to performance criteria. The advantage is that the complexity of the network topology
can be pre-determined. However, despite the fact that there are countless possible network layouts, only one
can be covered at a time by this approach. This inevitably limits the achievable performance of the system.
The immittance-based approach (e.g., [4, 5]) can identify the optimal one without restricting the network to a
few specific topology arrangements. With this approach, one first obtains the positive-real immittance function
providing the optimum performance, and then uses network synthesis [6, 7] to identify the corresponding net-
work layout and element values. Unfortunately, unrealisable networks, such as one with an excessive number
of components or unfeasible component parameter values, could be obtained. For example, a series-parallel
network with nine elements is required to synthesis the obtained positive-real bi-quadratic immittance [6]. In
the evolutionary-based approach (e.g., [8, 9]), an initial set of candidate networks is generated and iteratively
updated through metaheuristics and stochastic operators. While this approach can automatically produce a net-
work layout with good performance, there is no guarantee that the obtained network is the optimal one, and
similar to the immittance-based approach the network could be too complex to be manufactured.

To control the network complexity while achieving the optimal performance of a vibration absorber, the
structure-immittance approach was proposed [10]. In this approach, the full set of series-parallel network pos-
sibilities with a pre-determined number of each element type was formulated first. Then, by evaluating the
vibration-suppression effect of each network the optimal one could be identified. While promising results have
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been shown in different application area [11,12], there are two main limitations with this approach. One is that
networks not formed by series and parallel connections, such as bridge networks, cannot be covered. The other
and more important is that there is no programmatic implementation of the key step ‘network enumeration’,
which will limit its wide application.

To solve these two problems simultaneously, a novel design approach based on graph theory is proposed in
this paper. The approach has been implemented with a program, which can automatically generate the full set
of two-terminal networks with a pre-determined number of each element type (such as springs, dampers and
inerters in a mechanical absorber). All types of networks including both series-parallel and bridge ones can
be covered. Genetic optimization is then adopted to identify the optimal one within the full set. The idea of
using graph theory in network enumeration is inspired by references [13,14], where the mechanical network is
represented by an undirected labelled graph. The difference lies in how the elements and their connection points
in the network are represented in the corresponding graph. The approach in [13, 14] is not suitable for the aim
of this paper: automatically generating the full set of networks with a certain element number. This is because
besides the element quantity, the number of junctions where three or more edges are connected together also
needs to be specified.

The remainder of the paper is structured as follows. Section 2 introduces the network enumeration based on
graph theory. Section 3 explains the procedures for redundancy elimination, and then verifies the approach
by comparing the enumeration results with existing literatures. In Section 4, the suspension design problem
for a standard quarter-car model is adopted as a case study to show the advantage of the approach. Finally,
conclusions are drawn in Section 5.

2 . Network enumeration based on graph theory

2.1 . Graph representation of networks

The design approach proposed in this paper aims at generating and evaluating the full set of two-terminal
networks with a pre-determined number for each element type. Fundamental to this approach is representing
the network by a graph, where the connection point of elements is modelled as a vertex and the element is
modelled as an edge between two vertices. There are two types of vertices in this graph representation: (1) the
terminal vertices to denote physical terminals of the absorber connecting with the hosting system, and (2) the
internal vertices to denote the inner connection points of the absorber. To distinguish these two types of vertices,
they are labelled with different colours. For example, in this paper the terminal vertices are labelled red while
the internal vertices are labelled blue. Different elements are represented by different weights of edges. In
this paper, the weights for springs, dampers, and inerters are one, two and three respectively. Based on these
definitions, two example networks and their graph representations are given in Figure 1. It should be noted that
while a mechanical absorber is adopted here to demonstrate the proposed approach, it is also applicable to other
domains, such as the passive analog filter in the electrical domain.

There are other graph representations of networks. A more common representation is to represent elements as
vertices and their connections as edges [13, 14]. Since in this representation the number of edges adjacent to
the vertex has to equal the number of element terminals, some additional vertices are required to represent the
junctions where three or more edges are connected together. If we need to generate the full set of networks
with a pre-determined number for each element type, the number required for this type of vertices needs to be
determined first, which will complicate the enumeration process. By contrast, these vertices are not needed in
the chosen representation.

2.2 . Network enumeration

Before describing the enumeration process, we need to introduce two basic graphs commonly used in the graph
theory: the simple graph and the multigraph [15]. The simple graph is a graph that does not have more than
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(a) (b)

Figure 1: The graph representation of (a) a spring and (b) an inerter-based layout.

one edge between any two vertices and no edge starts and ends at the same vertex. The multigraph is a graph
permitted to have multiple edges between two vertices but no edge starts and ends at the same vertex. If each
edge in these two graphs is assigned with a numerical weight, they can be further termed as weighted simple (or
multi) graphs [15]. Similarly, if each vertex in these two graphs is assigned with a colour, they will be termed
as coloured simple (or multi) graphs. Because as introduced in Section 2.1 each edge in the graph has a weight
to represent its element type, each vertex has a colour to show whether it is a terminal or internal vertex and
there could be parallel elements, the network is actually a weighted and coloured multigraph. Therefore, the
enumeration of absorber networks with a pre-determined number for each element type can be converted to the
enumeration of a set of weighted and coloured multigraphs with a fixed number of edges. This target is realized
by the following three nested steps:

1. To generate the totality of weighted and coloured multigraphs with N edges, the coloured multigraphs
with N edges and two vertices coloured red could be enumerated first, and then the edges are assigned
with a set of weights with a pre-determined number for each element type. Note that to cover all the
possibilities of weight assignment, the mathematical permutation of the given set of weights into N
edges is used. There are N ! possibilities in total.

2. To generate the totality of coloured multigraphs with N edges, the coloured simple graphs with Ne (1 ≤
Ne ≤ N) edges and two vertices coloured red could be enumerated first, and then the remaining N −Ne

edges are added in parallel with existing edges. Each remaining edge could be placed in parallel with
Ne different edges, so there are NN−Ne

e possibilities for all remaining edges. By repeating the above
procedures for Ne from 1 to N , all coloured multigraphs can be covered.

3. To generate the totality of coloured simple graphs with Ne edges, the simple graphs with Ne edges could
be enumerated first, and then two vertices are selected to colour red while keeping others blue. There
could be Nv vertices in the graph, where Nv is within the range of

(1)
1

2
+

√
1

4
+ 2Ne ≤ Nv ≤ Ne + 1

For each graph, by using the combinatorial mathematics there will be C2
Nv

= Nv(Nv − 1)/2 colouring
possibilities.

A three-layer enumeration process summarizing the above three steps are shown in Figure 2. It can be noted that,
in each layer besides the explained procedures for network generation, there are several additional procedures
for redundancy elimination, such as network structure constraints (NSCs) and an isomorphism check, which
will be explained in the next section. Without these procedures, the totality of networks with a given number
for each element type can still be covered, but there would be many redundant networks, leading to a higher
computational cost. Therefore, it is necessary to reduce the redundancy as much as possible.

7th European Conference on Structural Control                                                                                                           Warsaw, July 10-13, 2022

202



Figure 2: A three-layer network enumeration process.

3 . Redundancy elimination and approach verification

3.1 . Redundancy elimination

To eliminate the redundancy, three network structure constraints (NSCs) and the isomorphism check are intro-
duced in the enumeration process, as shown in Figure 2 and described as below:

NSCA: Every vertex in the graph can be passed through by at least one path connecting two terminal vertices
(In the graph theory, a path is a walk in which neither vertices nor edges are repeated and a walk is a sequence
of vertices and edges of a graph [15]). In the inner layer, the result of the second step ‘Colour two vertices’ is a
set of simple graphs with Ne edges and two vertices coloured red, which may include those with self loops or
isolate vertices. These graphs should be eliminated as the elements in the self loop or connecting with isolate
vertices do not function in the networks built from these graphs. Figure 3 gives two examples of Ne = 4 where
the left one includes a self loop (highlighted in the red dashed circle), and the right one has an isolate vertex. It
is clear that both of them do not satisfy NSCA and will be eliminated.

(a) (b)

Figure 3: The coloured simple graph with (a) a self loop and (b) an isolate vertex.

NSCB: For edges with the same weight, they cannot be in series or parallel; For edges with different weights, if
they are in series or parallel, they should follow a specific ordering. In the outer layer, the result of the second
step ‘Add weights’ is a set of weighted and coloured multigraphs with N edges, which may include the follow-
ing two sets of redundant graphs: (1) the graphs having series or parallel edges with the same weight; and (2)
the graphs formed by permuting different weights into series or parallel edges. The first set of redundant graphs
should be eliminated as they can be simplified to a graph with fewer edges. In the second set of graphs, we
only keep those with a specific ordering of series or parallel connections and eliminate the others, as swapping
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series or parallel elements will only generate equivalent networks. As when storing a graph in the computer
every edge has an unique index ‘idx’, the adopted ordering here is that the edge with a higher index should
have more weight. Figure 4 gives two examples to be eliminated which belong to the first and second set of
redundant graphs, respectively. Figure 4(b) does not satisfy NSCB because for the two parallel edges the weight
of the edge with a higher index idx = 4 is lower than that of the other edge idx = 3.

(a) (b)

Figure 4: The redundant multigraph of (a) the first set and (b) the second set.

NSCC: Impedance functions for any two networks built from weighted and coloured graphs cannot be the
same. In the outer layer, after implementing NSCB there is still redundancy that can be further eliminated.
The networks built from some resulted graphs have the same impedance, which means that although they may
present different structures they have the same dynamic performance, so only one of them needs to be kept
and all the others should be eliminated. As an example, the networks built from the two graphs in Figure 5
have the same impedance as just by swapping the part in the red dashed curve with the part in the blue dashed
curve, Figure 5(b) can be generated from Figure 5(a). One of them should be eliminated to ensure the least
redundancy.

(a) (b)

Figure 5: Two example weighted and coloured graphs with the same impedance.

In the inner and intermediate layers, besides NSCs there is also an isomorphism check to further eliminate the
redundant graphs. Isomorphism is a basic concept in graph theory, which is used to express the equivalence
relation on graphs [15]. If two graphs G1 and G2 are isomorphic, then there is a mapping from the vertices
of G1 to the vertices of G2 such that the vertex colour and edge weight are preserved. This concept applies
to all types of graphs, such as simple graphs, multigraphs and those with weights or colours. Two example
isomorphic graphs are shown in Figure 6, and one of them should be eliminated. It can be noted that there is
no isomorphism check in the outer layer. This is because the networks built from isomorphic graphs have the
same impedance, and by implementing NSCC all resulted graphs will become non-isomorphic.

The three-layer network enumeration process integrated with redundancy elimination as shown in Figure 2 has
been automatically implemented via a program. Due to space limitations, only the algorithm for the inner layer
is provided in the Appendix as an example.
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(a) (b)

Figure 6: Two isomorphic weighted and coloured graphs.

3.2 . Approach verification

Through the above NSCs and isomorphism check, the enumeration process as shown in Figure 2 not only
covers the totality of networks with a pre-determined number for each element type but also removes as many
redundant graphs as possible. To verify the correctness of the approach, we first take the case of 1k1b1c (one
spring, one damper and one inerter, N = 3) for example. The resulted graphs for each step of the enumeration
process is shown in Figure 7, where each row corresponds to the graph development from a simple graph
with a specific number of edges Ne. Via this approach, eight unique networks are obtained, which is the same
with the result from [10, 16, 17]. The second example is in the electrical domain and with more elements.
The famous Ladenheim catalogue [18] has shown a set of 148 essentially distinct two-terminal RLC networks
with five elements or less, of which at most two are reactive (inductors and capacitors). With our approach,
the same networks are automatically obtained, indicating the correctness of the approach and its ability to
reduce redundancy automatically. It should be noted that in these networks there may still be some equivalent
networks which cannot be simplified to a network with fewer elements but can be converted to each other via
the Zobel transformation [18, 19]. Some examples of the Zobel equivalence can be seen from the case given in
the following section.

As the enumeration approach has been verified, the generated networks can be used as candidate layouts for pas-
sive vibration absorbers. The genetic optimization algorithm, such as ‘patternsearch’ [20] will then be adopted
to evaluate the networks according to performance criteria and to identify the optimal one.

4 . Case demonstration via a quarter car

The suspension design problem in a standard quarter-car model is adopted as an example here. As shown in
Figure 8(a), the quarter-car model consists of a sprung mass ms, an unsprung mass mu, a tire modelled as a
spring with stiffness kt and a suspension. Specifically, the suspension is composed of a static spring ks and
a passive absorber with a pre-determined number of springs, dampers and inerters. The total element number
of the passive absorber is denoted by N . The displacements of the sprung mass, the unsprung mass and the
road profile are denoted as xs, xu and xr respectively, with their positive directions shown in the figure. The
suspension stiffness together with other quarter-car parameters including the sprung mass, the unsprung mass,
and the tire stiffness are listed in Table 1. These are typical values for passenger cars [21, 22].

In line with [21], the road disturbance is assumed to be a white noise. The power spectra density (PSD) of the
road velocity is expressed by Sẋr = 4π2κV where the road roughness parameter is selected as κ = 5 × 10−7

m3/cycle and the vehicle velocity is V = 25 m/s. The ride comfort index Jr is assumed as the main dynamic
performance metric to be optimized here. For the considered quarter-car model, the index Jr can be expressed
as [21]:

(2) Jr = 2π
√
κV ‖Hẋr→ẍs(jω)‖2
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Figure 7: The three-step network enumeration for N = 3.

where Hẋr→ẍs(jω) is the transfer function from the road velocity ẋr to the sprung mass acceleration ẍs.

The proposed design approach aims at identifying the network which can achieve the optimal ride comfort of
the vehicle. Given a number of springs, dampers, and inerters, the full set of networks will be enumerated first
and then evaluated one by one. For a fair comparison, the benchmark passive absorber is a damper as shown
in Figure 8(b). Five sets of networks with different element numbers N are considered: (1) N = 2: a damper
and an inerter, denoted as 1b1c, with 2 possibilities; (2) N = 3: a spring, a damper and an inerter, denoted
as 1k1b1c, with 8 possibilities; (3) N = 4: 2k1b1c, 1k2b1c and 1k1b2c with 54 possibilities; (4) N = 5:
2k2b1c, 2k1b2c and 1k2b2c with 255 possibilities; (5) N = 6: 2k2b2c with 558 possibilities. Note that for
the set of N = 5 there are 27 bridge networks that cannot be covered by [10], and this number will be more
with increasing N . The optimal ride comfort for each set and the corresponding networks are summarised in
Figure 9. It can be seen that with rising number of elements N , the ride comfort keeps improving until N = 5
the ride comfort no longer changes. The maximum improvement reaches 28.4%. It is also found that for the
case of N = 4, the two networks in the purple square have the same optimal ride comfort as they can be
converted to each other via the Zobel transformation [18, 19]. Similarly, for N = 5 the optimal ride comfort
can be achieved by four different networks which are also Zobel equivalent. For N = 6, to save space only
one of the equivalent networks is shown in the grey square. It is found that one damping in this network tends
to infinity, which means that the network actually degrades to one with only five elements so there is no more
improvement when N = 6.

Parameter Value
Sprung mass ms 250 kg

Unsprung mass mu 35 kg
Tire stiffness kt 150 kN/m

Suspension stiffness ks 15 kN/m

Table 1: Parameters of the quarter-car model [21, 22].

7th European Conference on Structural Control                                                                                                           Warsaw, July 10-13, 2022

206



(a) (b)

Figure 8: (a) The quarter-car model, (b) the benchmark passive absorber.

Figure 9: The optimal ride comfort and corresponding networks for N = 1, 2, ..5.

5 . Conclusions

In this paper, a novel design approach for passive vibration absorbers has been proposed. Compared with the
structure-immittance approach [10] and the approach based on perfect matching [13,14], it not only allows the
generation of the full set of network possibilities given a pre-determined number of each element type, covering
both series-parallel networks and bridge networks, but also automates this process via a three-layer enumeration
algorithm. In the enumeration process, three network structure constraints (NSCs) and an isomorphism check
are introduced to reduce the redundancy automatically. The approach has been verified by comparing with the
existing network totality of two examples: networks with 1k1b1c and RLC networks with no more than five
elements. To show the advantage of the approach, the suspension design problem for a standard quarter-car
model is adopted as a case study. Five sets of networks with up to six elements are studied. The results show
that, compared with the traditional spring-damper layout, the ride comfort keeps improving with rising element
quantity and when N = 5 the maximum improvement 28.4% is achieved.

7th European Conference on Structural Control                                                                                                           Warsaw, July 10-13, 2022

207



Acknowledgments This work was supported by the EPSRC, the University of Bristol and the China Scholarship Council:
Jason Zheng Jiang was supported and Yuan Li was funded by an EPSRC Fellowship (EP/T016485/1), Haonan He was
supported by a University of Bristol and China Scholarship Council joint studentship.

References

[1] M. C. Smith. Synthesis of mechanical networks: the inerter. IEEE Trans. Automat. Contr., 47(10):1648–1662, 2002.
[2] M. C. Smith and F. C. Wang. Performance benefits in passive vehicle suspensions employing inerters. Veh. Syst.

Dyn., 42(4):235–257, 2004.
[3] I. F. Lazar, S. A. Neild, and D. J. Wagg. Using an inerter-based device for structural vibration suppression. Earthq.

Eng. Struct. D., 43(8):1129–1147, 2014.
[4] J. Z. Jiang and M. C. Smith. Regular positive-real functions and five-element network synthesis for electrical and

mechanical networks. IEEE Trans. Automat. Contr., 56(6):1275–1290, 2011.
[5] Y. Li, J. Z. Jiang, S. A. Neild, and H. Wang. Optimal inerter-based shock-strut configurations for landing-gear

touchdown performance. J. Aircr., 54(5):1901–1909, 2017.
[6] R. Bott and R. J. Duffin. Impedance synthesis without use of transformers. J. Appl. Phys., 20(8):816–816, 1949.
[7] O. Brune. Synthesis of a finite two-terminal network whose driving-point impedance is a prescribed function of

frequency. J. Math. Phys. Camb., 10(1-4):191–236, 1931.
[8] Z. Gan, Z. Yang, T. Shang, T. Yu, and M. Jiang. Automated synthesis of passive analog filters using graph represen-

tation. Expert Syst. Appl., 37(3):1887–1898, 2010.
[9] S. Chang, H. Hou, and Y. Su. Automated passive filter synthesis using a novel tree representation and genetic

programming. IEEE Trans. Evol. Comput., 10(1):93–100, 2006.
[10] S. Y. Zhang, J. Z. Jiang, and S. A. Neild. Passive vibration control: a structure-immittance approach. Proc. Math.

Phys. Eng. Sci., 473(2201):20170011, 2017.
[11] T. D. Lewis, Y. Li, G. J. Tucker, J. Z. Jiang, Y. Zhao, S. A. Neild, M. C. Smith, R. Goodall, and N. Dinmore. Im-

proving the track friendliness of a four-axle railway vehicle using an inertance-integrated lateral primary suspension.
Veh. Syst. Dyn., 59(1):115–134, 2019.

[12] S. Y. Zhang, M. Zhu, Y. Li, J. Z. Jiang, R. Ficca, M. Czechowicz, R. Neilson, S. A. Neild, and G. Herrmann. Ride
comfort enhancement for passenger vehicles using the structure-immittance approach. Veh. Syst. Dyn., 59(4):504–
525, 2019.

[13] D. R. Herber and J. T. Allison. A problem class with combined architecture, plant, and control design applied to
vehicle suspensions. J. Mech. Design, 141:101401, 2019.

[14] D. R. Herber, T. H. Guo, and J. T. Allison. Enumeration of architectures with perfect matchings. J. Mech. Design,
139:051403, 2017.

[15] R. J. Wilson. Introduction to graph theory. Addison Wesley Longman Limited, fourth edition, 1996.
[16] J. Riordan and C. E. Shannon. The number of two-terminal series-parallel networks. J. Math. Phys., 21:83–93,

1942.
[17] Z. A. Lomnicki. Two-terminal series-parallel networks. Adv. Appl. Prob, 4(1):109–150, 1972.
[18] A. Morelli and M. C. Smith. Passive network synthesis: an approach to classification. Society for Industrial and

Applied Mathematics, 2019.
[19] O. J. Zobel. Theory and design of uniform and composite electric wave-filters. Bell Syst. Tech. J., 2(1):1–46, 1923.
[20] C. Audet and J. E. Dennis. Analysis of generalized pattern searches. SIAM J. Optim., 13(3):889–903, 2002.
[21] F. Scheibe and M. C. Smith. Analytical solutions for optimal ride comfort and tyre grip for passive vehicle suspen-

sions. Veh. Syst. Dyn., 47(10):1229–1252, 2009.
[22] H. He, Y. Li, J. Z. Jiang, S. Burrow, S. Neild, and A. Conn. Using an inerter to enhance an active-passive-combined

vehicle suspension system. Int. J. Mech. Sci., 204:106535, 2021.

7th European Conference on Structural Control                                                                                                           Warsaw, July 10-13, 2022

208



Appendix

Algorithm 1: Generate all coloured simple graphs with Ne edges
Input: Ne – number of edges
Output: Gs – set of coloured simple graphs

1 Gs ← ∅

2 for Nv ← 1
2 +

√
1
4 + 2Ne : Ne + 1 do

3 G← GengEdVe(Ne, Nv)
4 for i← 1 : length(G) do
5 idx← Find combinations of 2 from Nv elements
6 for j ← 1 : length(idx) do
7 g ←Mark two nodes idx(j) of G(i) in red
8 NSCA ← Check if g satisfies the Network Structure Constraint A
9 if NSCA is true then

10 IsIso← false
11 for k ← 1 : length(Gs) do
12 IsIso← Check if g and Gs(k) are isomorphic
13 Terminate loop is IsIso is true, otherwise continue
14 end
15 if IsIso is false then
16 Gs(end+ 1)← g
17 end
18 end
19 end
20 end
21 end

/* The function to generate all simple graphs with Ne edges and Nv vertices */

22 Function GengEdVe(Ne, Nv):
23 KNv

← Generate the complete graph with Nv vertices
24 idx← Find combinations of Ne from Nv(Nv − 1)/2 elements
25 G← ∅
26 for i← 1 : length(idx) do
27 g ← Generate the graph with edges idx(i) of KNv

28 IsCon← Check if g is connected
29 if IsCon is true then
30 IsIso← false
31 for j ← 1 : length(G) do
32 IsIso← Check if g and G(j) are isomorphic
33 Terminate loop is IsIso is true, otherwise continue
34 end
35 if IsIso is false then
36 G(end+ 1)← g
37 end
38 end
39 end
40 return G
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Abstract

In the trend of light weighting of automotive gearboxes, structure-borne and air-borne noise are more sig-
nificant, and this calls for smarter solutions to tackle this problem. Most vibrations from the gearbox arise
from the gear meshing, which could go up to several kilohertz in frequency and can be detrimental to com-
fort of passengers. Active solutions to control vibrations related to the gear meshing under operation is the
central theme of this research. As a first step in the experimental investigations, the behavior of the gearbox
in modal and experimental conditions is studied to evaluate the parameters affecting the vibration response
of the housing. The objective is to monitor the influence of these parameters on the system’s response in
the frequency range of 1000-5000 Hz, which is the frequency range of interest for this study. Effect of
transmitted load on the gearbox housing vibration level is studied using a non-rotational set-up to achieve
comparable results with a rotating test-bench.

1 . Introduction

Gearbox noise in lightweight transmissions is a matter of great concern as this determines the comfort and
vibration transfer characteristics to the vehicle compartment. Generally, such a problem is treated with active
mounts or a variety of passive solutions that generally render good performance for high frequency noise and
vibration control. The gear meshing forces in a gearbox arise from the periodic contact between the gear teeth.
At high frequencies, the higher harmonics of gear meshing tend to have greater impact on noise levels produced.
This calls for effective solutions with active and adaptive characteristics in higher frequency ranges.

Several examples of active vibration control have been demonstrated for lower frequencies below 1000 Hz.
In recent times, active control techniques have been implemented in the higher frequency ranges up to 4500
Hz [7] [9]. In our case, the focus lies in the domain of 1000-5000 Hz to build a dedicated active vibration
control solution for an automotive gearbox housing.

For this frequency range, adaptive feed forward control in general provides effective solutions to minimise
vibrations. As a prerequisite to the development of the control mechanism, it is important to evaluate the system
characteristics of the gearbox under test. In this study, behavior of the gearbox housing of prime focus and its
modal characteristics are examined. The areas of the housing, most responsive to incoming load, are targeted
as the preliminary locations to evaluate the vibration response and quantify the performance of the planned
development of active vibration control system.

This study aims to evaluate the relevance of the transmitted torque on the vibration characteristics of the hous-
ing. A lot of relevant literature exists where the influence of input torque has been studied on dynamic behavior
of a gearbox, mainly through developed lumped parameter models using the mesh stiffness as the parametric
excitation. The influence of input torque on a gear-train has been studied in [3]. It was determined that an in-
crease in load increased the overall vibration level. This is mainly due to change of tooth engagement process
which had a direct influence on the meshing stiffness for different torque levels. This influences the dynamic
response of the system.

The main drawback of these models is that they tend to terminate the discussion at the locations of the bearing
as the inclusion of housing dynamics is complicated to model and realize through lumped parameter models.
It is also hard to evaluate specific regions of the housing that would be more responsive compared to others
in complex geometries. Such a limitation calls for experimental investigations, which are much easier to setup
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and can be easily validated with finite element modeling. There have also been experimental investigations
studying the influence of transmitted torque on the vibration characteristics of the gearbox in high speeds, in
the similar frequency range of out interest [8]. However, the effects of the load have been mainly studied on
the input shaft with an accelerometer mounted on a rotation disc, which is still rather upstream in the vibration
path. Consequences of this torque has been seldom addressed in downstream components such as bearings and
gearbox housing through experimentation.

Through this study, the phenomenon and factors affecting the load transfer in rather downstream components
like the gearbox housing will be explored. This also determines the level of vibration transferred to the car
body. Another special consideration in the work presented here, is the use of a more economical gearbox set-up
without any rotation of components. Harmonics of steady state input can be achieved with this set-up, which
is analogous to the gear-meshing phenomenon in an automotive gearbox running with real operating scenarios.
To characterize the gearbox vibration and the control, two major paths are defined in active vibration control
development: Primary path and secondary path. The primary path refers to the main transfer path causing the
vibration response in the system. In this case, it is from the excitation mechanism to the housing responses
measured. This path determines the actuator requirements in terms of amount of force to be delivered to control
the vibrations. The secondary path corresponds to the path with the control mechanism influencing the incoming
vibrations. Behavior of this path in this challenging frequency range is useful in deciding the actuator design
limits and optimal locations for their placement.

2 . Methodology

The current study is based on the test-rig that has been described in a complimentary paper submitted to this
conference by the authors within the LIVE-I project [5]. This test-rig employs a unique approach that replaces
the traditional rotating drive machine with a piezoelectric stack actuator to establish a comparable and modular
platform for vibration investigations. A pilot study on a complete transmission, in a rotational set-up, with a
drive motor at the input and a brake at the output was conducted at IMS CONNECT, TU Darmstadt [4].

2.1 . Finite Element Analysis (FEA) description

A finite element model of the test-rig is constructed including the relevant parts of the test-rig. The contacts
and materials are set to be linear and the boundary conditions are set to be free-free. The main objective is to
study the local modes of the gearbox housing, which remain unaffected with this free-free condition compared
to the as-installed condition in the car. The contacts are defined conservatively with bonded elements. The finite
element model serves as a directional guide to select the most susceptible positions on the gearbox housing in
the vibration transfer using modal strain as an evaluation parameter.

2.2 . Experimental methodology

The regions of suspected high modal strain from the FE analysis are equipped with triaxial accelerometers
(Model : PCB 356A16). For the operational behavior, the transmission drive excitation, which ideally comes
from the drive machine in the vehicle is replaced by a piezoelectric stack actuator. A quasi-static force sensor
(Model : Kistler 9001a), is placed below the exciting actuator, that measures the input torque into the system.
The static torque is given with the help of a loading screw and the superimposed dynamic torque is due to the
piezoelectric forces generated by the actuator. The input torque schematic is described in Figure 1. The gearbox
is designed for 300 Nm load at the input shaft. An unloaded test-case would be a candidate for gear rattle,
which is not in the scope of this study. Hence, the experimental set-up is always operated under an imposed
static torque to ensure the contact between gear teeth is established to evaluate the gear whine phenomenon.
Input loads up to 80 Nm were applicable to avoid tilting of the exciting piezoelectric stack actuator which
is crucial for proper load transfer. Using the proposed set-up, a static load of 80 Nm superimposed with a
dynamic load of up to 8 Nm amplitude can be achieved. The effective dynamic excitation at a particular static
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torque, depends on the speed of operation of a gearbox. In the case of the test-rig, dynamic torque variation
depends on the frequency of excitation of the piezoelectric stack actuator. The cumulative excitation mimics the
dynamic torque fluctuations induced into the system at the input shaft of the transmission case of an automotive
transmission in rotational operation that was measured on IMS CONNECT test-rig as shown in Figure 1(right).

Figure 1: Left : Input Torque arrangement in the proposed gearbox test-rig showing the static loading screw
(1), the piezoelectric stack-actuator (2) and the load cell measuring the transmitted torque (3). Right: Torque
profile over varying input speed of gearbox in rotational set-up measured on IMS CONNECT

The piezoelectric actuator is excited with swept-sine signals or chirps from 0 - 5000 Hz to study the path of
vibration transfer. The frequency responses to these excitation signals we recorded at various input levels of
static torque corresponding to the levels seen in a gearbox in operation. It was noted that the total time of
sweep or sweep rate does not affect the frequency response of the gearbox. Two load levels are discussed here;
40 Nm and 80 Nm. Each measurement was repeated ten times to reduce influence of random disturbances by
averaging.

3 . Results and Discussion

3.1 . Identification of Housing Responses using FEA

The frequency response measurements obtained from the accelerometers were used to derive the natural fre-
quencies of the gearbox. A comparison was made with finite element calculations of the natural frequencies.
The finite element model was developed with rigid contacts; hence a good correlation can be established with
experiments conducted with a higher applied static torque.

Table 1 shows the comparison of some identified frequencies related to the vibrating modes of the gearbox
housing and the poles identified by using ’RKFit’; an open source modal curve fitting algorithm as described
in [2] using the frequency response of accelerometers obtained from the 80 Nm test. A visual representation
of the modal strains corresponding to these housing vibration modes can be seen in Figure 2. At frequencies
higher than 3000 Hz, the vibrations on the housing tend to become more localized with higher order mode
shapes.

A set of locations of interest on the gearbox was chosen based on the areas with high modal strains extracted
from the relevant mode shapes of the housing in the frequency range of interest. The locations are illustrated
in Figure 3. Position 1 corresponds to the location of the bearing seated in the housing supporting the input
shaft. This position can directly evaluate the effects of the load transfer path rather upstream in the gear-train.
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Experimental FEA
40 Nm 80 Nm

1 1020.8 1015.1 1020.0
2 1898.9 1896.2 1926.6
3 2394.4 2388.4 –
4 2708.5 2714.2 2746.6
5 3561.2 3680.8 3727.9
6 3815.5 3982.9 4033.8
7 3893.3 4041.2 4123.1
8 4038.6 4145.7 4231.6

Table 1: Frequencies corresponding to Housing Vibrations in Hz

Figure 2: Gearbox vibrating modes indicating regions of high modal strains. Numbers in yellow boxes indicate
the sensor mounting points shown in Figure 3
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The gearbox housing is composed of two cases - front case and the transverse case. The transverse case is more
flexible compared to the front case, as the latter is rigidly supported by the engine flange as shown in Figure
3 These locations are used to quantify the gearbox vibrations, which will later help us in bench-marking the
requirements for the control actuator.

Figure 3: Gearbox schematics with locations of high response of housing vibrations

3.2 . General effect of static torque on the vibration responses

To evaluate the effect of input torque on the vibration transmission characteristics of the primary path, the total
vibration level is illustrated is studied. Figure 4 (left) shows the cumulative vibration level obtained from all the
accelerometers on the gearbox housing at two input torque levels 40 Nm and 80 Nm. A significant observation
that can be made is that the level of vibration is higher at 80 Nm in the regions 1300 - 1800 Hz and also in the
regions above 3500 Hz. The underlying cause of such an increase in response can be explained by increase in
contact area between gear teeth and increase bearing stiffness [1].

Figure 4: Left : Spectrum of dynamic input force applied using the piezoelectric stack actuator ; Right: Total
vibration level per unit dynamic input force measured at two static torque values

It is also evident that peaks corresponding to the resonance of the gearbox have a rightward shift denoting an
increase in natural frequencies. The comparison of poles extracted from the curve fitting at both torque levels is
shown in Table 1. There is relatively greater shift in natural frequencies in the range above 3300 Hz among the
two load levels along with an increase in vibration level denoted in Figure 4 (right). The anisotropic stiffening
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Figure 5: Top Left: Frequency Response at transverse case (Point 2) due to hammer impulse at front case
(Point 5).Bottom Left : Frequency Response at front case (Point 5) due to excitation at transverse case (Point
5). Right: Frequency response at Point 6 due to hammer impulses in front case (Top Right) and transverse case
(Bottom right) of gearbox housing.

of the bearings and contacts in the load transfer path is also demonstrated in the model by [3]. It is also observed
that the peaks in the vibration response tend to become sharper indicating a reduction in damping. Reduction
in damping combined with increase in vibration at higher loads demands an actuator delivering more force to
compensate the disturbances actively.

The dynamic input force delivered to the gearbox varies greatly in frequency. The eigen-dynamics of the input
arrangement, consisting of the piezo stack actuator and the static loading screw, influence this force delivered.
Figure 4 (left) depicts the spectrum of input load transferred to the gearbox input shaft due to the piezoelectric
excitation of the actuator on the lever to the input shaft as seen in Figure 1. Clear peaks in the spectrum of input
force indicate the resonances of the loading mechanism, specifically at 2380 Hz. The resonance frequencies
tend to show up as zeros in the frequency response functions of accelerometers placed in position 6 and 2.
Resonances of the exciting mechanism can also be seen distinctly in the total vibration level corresponding to
two static load levels as seen in Figure 4 (right) (for example at 2380 Hz).

3.3 . Effect of static load on secondary path

For the control of vibrations, the primary choice of actuator locations are the points on the housing with high
modal strains.Each measurement point is equipped with a triaxial accelerometer to record the housing vibra-
tions. The z-direction records the vibration normal to the housing structure. Exploration among the selected
points using an impact hammer determines the degree of influence of a potential actuator on the vibration level
of the housing. Bandwidth of uniform input of the impact hammer is valid in the range up to 3500 Hz. The
vibration response of the gearbox housing evaluated between the front case and the transverse case. Point 2 on
the transverse case and point 5 on the front case have been used to impact with a hammer. The effect of hammer
force one side (Point 5 - front case) of the gearbox to another (Point 2 - transverse case) and vice versa, remains
unaffected with the change in applied static torque as seen in Figure 5 (left). The influence is also explored at
point 6 on the transverse case (refer Figure 3) due to a potential actuator location on the front and transverse
cases of the housing. Point 6 lies in the vicinity of the meshing gear pair of interest in the reduced transmission.
The hammer responses indicate that the stiffness of the gearbox housing remains unaffected due to the static
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load applied to the system. This eliminates the need to incorporate static transmitted torque as a parameter for
secondary path modeling for controller development.

4 . Conclusion and Future Work

In this work, we can conclude that there is a clear influence of the input torque on the vibration response of
the gearbox. In rotating experimental set-ups of gearboxes, the change in dynamic response with transmitted
torque can be attributed to changes in Dynamic Transmission Error (DTE), torsional stiffness of shaft and bear-
ing stiffness. Comparable influences of change in responses have also been established here in a non-rotating
system. Resonances of the input excitation mechanism determines the amount of dynamic torque transferred
into the system. The secondary paths or the possible actuator impact locations showed no change in responses
because of the change in transmitted torque, making the control development independent of this parameter.
The work of this paper will be extended to benchmark actuator concepts in the development of the mechanism
for active vibration control. HiL simulations [6] for implementation active vibration control and novel actuation
strategies to mitigate gear whine in the frequency range up to 5 kHz.
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has received funding from the European Union’s Horizon 2020 research and innovation programme under grant agreement
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Abstract 
 

In this paper, a new test-rig is designed to study the vibro-acoustic behavior of a simplified 

automotive transmission system. The aim is to experimentally reproduce the gear whine phenomenon 

in the gearbox, which is caused due to the transmission error without the need of rotating elements. 

Instead, an innovative method of excitation is proposed using a piezoelectric actuator. The test rig is 

designed to be an economical solution to otherwise complicated setups. Experimental investigations 

of the gearbox housing accelerations and noise emission are done, and the setup successfully captures 

the accelerations with its associated harmonics, with values that are very close to the state of a real 

rotating gearbox. In addition, a correlation is found between the housing accelerations and the emitted 

noise in certain frequency ranges. This setup will be used in future to test and integrate an active 

vibration control solution, to mitigate the generated vibrations and noise. 

 

Keywords: Gearbox; Vibrations; Noise; Piezoelectric; Actuator; Test-rig; Active Vibration Control 
 

1. Introduction 
 

For the past few years automotive manufacturers have been focusing on car weight reduction, to decrease the 

fuel consumption and gas emissions. One of the most significant components of the vehicles, that contribute 

to the weight, is the transmission system of the vehicle. However, decreasing the weight of the transmission 

system can lead to an increase in the vibrations and noise emitted. Due to the increasing demand to improve 

the vibro-acoustic comfort, the manufacturers are also concerned with the vibration and noise problems 

specially that are generated by the gearboxes.  

The main source of the gear vibrations is the transmission error which induces a periodic source of excitation. 

The excitaion is transferred from the gears to the shafts, bearings, and then to the gearbox housing. This 

excitation creates a noise that is mostly tonal in nature, as the noise frequency spectrum mainly consists of 

sinusoidal components at certain frequencies, which are equal to the product of the gear rotational speed and 

the number of teeth, that is referred to the gear meshing frequencies GMF. In addition, there are also the 

harmonics which are the multiples of the gear meshing frequencies [1]. The developed test-rig aims to simulate 

the meshing frequency and its associated harmonics, so that these frequencies can be controlled later on using 

the active vibration control system.  

In this paper, the vibro-acoustic behaviour of a dual clutch transmission (Magna 7DCT300) is studied using a 

novel method of excitation, to simulate vibrations resulting from gear mesh without rotational input. The aim 

of this work to introduce an economic yet realistic and a non-traditional setup that can be used to test gearbox 

housing vibrations. This test setup will be used in future to test an integrated active vibration control (AVC) 

solution. The AVC solution will be used for automotive transmission systems as a part of the European MC 

project LIVE-I [2]. The experimental and numerical AVC development in the project will be performed by 
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means of two test-rigs and in several steps, before testing it in a full car will be possible. In a first step, a 

simplified test-rig which is presented in this paper will be used, that consists of a separated reduced 

transmission system. The first test-rig is designed to be economic, hence an artificial test environment had to 

be developed with static and dynamic input torques in order to obtain the same dynamic behavior of the 

transmission system as in case of real operation. The existing second test-rig IMS CONNECT [3] will allow 

the full operation of the complete transmission with a drive motor at the input and a Brake at the output. In this 

test rig all operating data regarding speed, power, torques, etc. can be realized. This test-rig will be used to 

evaluate the AVC system with all components after its development on the first test-rig. 

Previously, most of the researchers, who used active vibration control solutions for transmission systems, used 

traditional rotational test setups using a motor and a braking system, such as Rebbechi el al. [4], Guan el al. 

[5], Sopouch el al. [6], Zech el al. [7], and Wang el al. [8]. In addition, others used different methods to excite 

the transmission systems, such as Dion el al. [9], who used an electrodynamic shaker connected to a rod, and 

transformed translational oscillations into angular oscillations to the main shaft. Moreover, Barthod el al. [10], 

used an electrodynamic translation exciter that was connected to the gearbox input shaft through a crank. Both 

Dion and Barthod used these non-traditional setups to study the gear rattle effects. However, in this paper the 

focus lies on studying the gear whine rather than rattle. In addition, a new type of exciter is used to induce the 

vibrations into the system, which is a piezoelectric stack actuator. The piezo actuators are known of their high 

efficiency at high frequencies, which can excite the same range of the gear meshing frequency and its 

associated harmonics. In the next section, the test setup is described in more details and the measurements 

done are defined. 

 

2. Methodology 
 

The proposed test setup consists of a simplified gear train of the dual-clutch gearbox (Magna 7DCT300), where 

two gear pairs are only engaged, along with the gearbox differential gears. While the rest of the gear pairs are 

detached, including the forks and synchronizers. As mentioned before, there is no rotation in the gearbox setup, 

thus the lubrication is absent. The gearbox is excited through a piezoelectric stack actuator (P-016.40P) from 

Physik Instrumente (PI), the actuator is connected to the gearbox input driveshaft through an intermediate 

lever, that is used to induce a dynamic torque. The excitation takes the normal transfer path from the input 

shaft to the gears, bearings, then finally to the housing. A schematic is shown in Fig. 1 showing the load transfer 

path. In addition, the system is preloaded with a static load by a screw, to have the same situation as for the 

rotating system with contact on the drive flanks, and this preload can be adjusted to study different stiffness 

sitautions in the bearings (non-linear effects) later on. The excitation mechanism is shown in Fig. 2. 

Furthermore, the gearbox is fixed in a free-free boundary conditions by hanging it using rubber cords, that are 

fixed to a steel frame. The free-free boundary condition is chosen for the test-rig to keep the natural frequency 

of the foundation away and from the operating frequency range, the test setup can be seen in Fig. 3.   

 

Six 3-axis ICP accelerometers of model (356A16) from PCB Piezotronics are attached to the gearbox at critical 

points to measure the vibration levels of the housing. In addition, an PCB Piezotronics ICP microphone of 

model (378C20) is used to measure the sound pressure. LMS SCADAS SC-310 data acquisition system is used 

to adjust the excitation parameters (frequency, harmonics, amplitudes and phases) and record the measured 

accelerations and sound pressure level. The gearbox can be excited up to 5000 Hz, which can cover the most 

important harmonics of the gearbox.  
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Figure 1: Schematic drawings of the load transfer path in the simplified 7DCT300 gearbox. 

 

 

 
 

Figure 2: The excitation mechanism used to 

excite the gearbox.  

Figure 3: The test setup showing the 7DCT300 fixed in a free-

fee boundary condition using rubber strings. 

 

 

The aim of the acceleration measurements is to prove that the new excitation system can generate acceleration 

profiles, that are close to the real conditions. The acceleration profiles should include the excitation frequency 

and its associated harmonics. In addition, the housing accelerations values should be comparable to the real 

conditions. Preliminary measurements were performed in the IMS CONNECT test bench previously in TU-

Darmstadt with the 7DCT300 gearbox, with all the internal components included and running at the real 

operating conditions. The acceleration values measured were used as a benchmark, the values were of the same 

order for the gear meshing frequency and its first three harmonics. The acceleration values are used to settle 

the input voltage to the piezo stack actuator so that similar accelerations are generated in the developed test-

rig.  In addition, the acoustic measurements are carried out to study the relationship between the excited 

housing accelerations and the sound emitted. This data will be used in the future in the development of the 

active vibration control system, to distinguish which frequencies contribute to the noise generated by the 

housing. The sound pressure level is measured inside one of the holes in the housing, as shown in Fig. 4. 

 

7th European Conference on Structural Control                                                                                                           Warsaw, July 10-13, 2022

219



 
Figure 4: The microphone position used for the sound pressure measurements. 

 

3. Results and Discussion 

 

The piezo electric actuator is first excited with a harmonic signal, and as it can be seen from Fig. 5, by exciting 

the gearbox by a 1000 Hz sine wave through the input shaft, the harmonics of the input signal can be 

successfully captured by the accelerometers on the housing. By setting the input voltage given to the actuator 

by the power amplifier, the acceleration values can be set to have the same order as the real accelerations 

generated in a real rotating gearbox (IMS CONNECT test bench). In Fig.6, a sample of the measurements done 

using the IMS CONNECT Test Bench is shown. The acceleration spectrum of the same point on the housing 

that is loaded by the same torque is shown. The meshing frequency was equal to 1381 Hz, and it can be seen 

the first two harmonics are observable up to the range of 5000 Hz, and the acceleration values have the same 

order of magnitude. 

These harmonics can be interpreted due to primarily two reasons, the mechanical system of the gearbox with 

the gear contacts, and the piezo stack actuator nonlinearities, which also induces harmonics to the system. 

Although these nonlinearities may be undesirable in most of the mechanical systems, in this test-rig they are 

desired, as the harmonics of the signal are essential for the testing of the active vibration control system, that 

is going to be designed in the future. 

 

 

Figure 5: Acceleration spectrum showing harmonics captured on the housing with a 1000 Hz sine wave 

excitation using the piezo stack actuator. 
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Figure 5: Acceleration spectrum showing harmonics captured on the housing with at a meshing frequency of 

1381 Hz using the IMS CONNECT Test Bench. 

 

The second set of investigation deals with correlation of noise with gearbox vibration, the microphone was 

used to capture the sound pressure level inside the housing. A sine sweep excitation signal is given to the piezo 

actuator, to determine the frequencies, that contribute to acoustical response of the gearbox. The recorded 

sound pressure is also compared to the housing accelerations and it can be seen from Fig. 7, that there is a 

correlation between the housing accelerations and the recorded sound pressure level, in the region that lies 

between approximately 1150 and 2300 Hz. This region can be related to the mode shapes that radiate the 

highest noise, which can be targeted with the active vibration control system to be developed. 

 
 

 
Figure 7: Acceleration spectrum (Top) compared to the measured sound pressure level (Bottom). 
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4. Conclusion 

 

The designed test-rig successfully simulates the vibrations and noise of an automotive transmission system, by 

exciting the system using a piezo stack actuator. The vibrations through the gearbox housing include the 

harmonics of the exciting frequency, as well as amplitude values of acceleration close to the real running 

conditions. In addition, the sound pressure level is measured and a correlation is found between the housing 

accelerations and the sound pressure level, at a frequency region between 1150 and 2300 Hz. The exciting 

system shows great flexibility to induce excitations, that simulate any running speed and meshing frequency 

with its harmonics. This finding will be useful to develop an active vibration control system to mitigate the 

noise and vibrations emitted from the system.  

 
5. Acknowledgments 

 

The work done in this paper is funded by the Marie Skłodowska-Curie action - LIVE-I project which has received funding 

from the European Union’s Horizon 2020 research and innovation programme under grant agreement No 860243. 

 

6. References 

 

[1] Tuma, Jiri. "Gearbox noise and vibration prediction and control." International Journal of Acoustics and Vibration 14, 

no. 2 (2009): 99-108. 

[2] É. C. d. Lyon, "LIVE-I," 2020. [Online]. Available: https://livei.fr/. [Accessed 01 01 2022]. 

[3] TU-Darmstadt, „https://www.ims.tu-darmstadt.de/,” TU, [Online]. Available: https://www.ims.tu-

darmstadt.de/institut/aktuelles_6/ims_connect_1.en.jsp. [Data uzyskania dostępu: 13 April 2022]. 

 [4] Rebbechi, Brian, Carl Howard, and Colin Hansen. "Active control of gearbox vibration." In INTER-NOISE and 

NOISE-CON Congress and Conference Proceedings, vol. 1999, no. 5, pp. 295-304. Institute of Noise Control 

Engineering, 1999. 

[5] Guan, Yuan H., W. Steve Shepard Jr, Teik C. Lim, and Mingfeng Li. "Experimental analysis of an active vibration 

control system for gearboxes." Smart materials and structures 13, no. 5 (2004): 1230. [3] 

[6] Sopouch, M., T. Resch, and P. Herster. "Analysis of Gearbox Acoustics with AVL EXCITE." In SIA Acoustic 

Simulation Workshop, France. 2011. 

[7] Zech, P., D. F. Plöger, T. Bartel, T. Röglin, and S. Rinderknecht. "Design of an inertial mass actuator for active 

vibration control of a planetary gearbox using piezoelectric shear actuator." In Proceedings of ISMA2018 International 

Conference on Noise and Vibration Engineering, pp. 203-215. 2018. 

[8] Wang, Han, Feng Zhang, Haiyan Li, Wenhao Sun, and Shunan Luo. "Experimental Analysis of an Active Vibration 

Frequency Control in Gearbox." Shock and Vibration 2018 (2018). 

[9] Dion, Jean-Luc, Sylvie Le Moyne, Gaël Chevallier, and Hamidou Sebbah. "Gear impacts and idle gear noise: 

Experimental study and non-linear dynamic model." Mechanical Systems and Signal Processing 23, no. 8 (2009): 2608-

2628. 

[10] Barthod, M., B. Hayne, J-L. Tébec, and J-C. Pin. "Experimental study of dynamic and noise produced by a gearing 

excited by a multi-harmonic excitation." Applied Acoustics 68, no. 9 (2007): 982-1002.  

 

7th European Conference on Structural Control                                                                                                           Warsaw, July 10-13, 2022

222



 

NON-CONTACT NONLINEAR WAVE MIXING RESPONSE OF 

NARROWBAND LAMB WAVES GENERATED BY MAKING A LASER 

BEAM WITH LINE LASER ARRAY SOURCCES 

Santhakumar Sampath1, and Hoon Sohn1 

1Department of Civil & Environmental Engineering, KAIST, 291 Daehakro, Yuseong-gu, Daejeon 34141, Republic of 

Korea 

e-mail: hoonsohn@kaist.ac.kr  

 

1. Background 
 

A nonlinear ultrasonic wave mixing approach has recently been used to identify damage in plate-like 

materials. A damaged structure is subjected to two input Lamb waves in this method. Nonlinear mixed 

components at the sum and difference of the input frequencies are produced by the interaction between these 

waves [1]. However, the applicability of contact method to damage detection of plates is challenges mainly 

for the following three main reasons [2]. To begin with, it requires a coulpling medium which adds an 

additional nonlinearity to the output response.  Second, it may not applicable under hazardous environments 

(e.g., high temperature). Third, it is challenging to acquire high spatial resolution (less than µm) enough to 

identify damage when the transducer can only be installed in a few distinct points. 

 
2. Objective 
 

In this study, a non-contact nonlinear Lamb wave mixing technique based on laser line-array excitation was 

developed for non-contact generation and detection of the nonlinear mixed components in plates. 

Specifically, a pulsed laser with a line-array pattern (LAP) source was created to generate two narrowband 

Lamb waves with distinctive frequencies; then, a laser Doppler vibrometer (LDV) was used to measure the 

corresponding ultrasonic responses. The uniqueness of this study is as follows: (1) A completely non-contact 

laser ultrasonic system equipped with a Sagnac interferometer was created for the generation of narrowband 

Lamb waves; additionally, an LDV was used to identify the mixed components.; (2) the proposed system 

allows two Lamb waves with different frequencies to be made at the same time by using a single pulse laser 

source; (3) it is possible to implement Lamb wave mode at a specific input frequency by simply altering an 

optical lens; and (4) unlike the slit mask method, the Sagnac interferometer produces laser LAP sources with 

sufficient energy (at least 80%) to generate input waves in structures. 

 

3. Introduction 
 

The nonlinear Lamb wave mixing technique has been widely used for nondestructive evaluation because of 

its advantages of a long propagation distance and high sensitivity to microstructural heterogeneity (e.g., 

microcrack) [3, 4]. These advantages include a long propagation distance and high sensitivity to 

microstructural heterogeneity (e.g., microcrack). In a nutshell, the nonlinearity of microcrack can be 

recognized by applying incident Lamb waves; this characteristic can then be used to detect microcracks. The 

detectable nonlinear effects are commonly exploited for applications in harmonics [5] and wave mixing [1] 

techniques, amongst other things. In the case of harmonics technique, the self-mixing of a single Lamb wave 

generates the harmonic components; alternatively, the wave mixing technique entails cross-mixing between 

two Lamb waves to generate the mixed components. In the case of the harmonics approach, the harmonic 

components are generated by the self-mixing of a single Lamb wave; in the case of the wave mixing 

technique, the mixed components are generated by the cross-mixing of two Lamb waves. Wave mixing has 

the following advantages over harmonics: I the amplitudes of the mixed components are only averaged 

within the wave mixing zone, which provides it with higher spatial resolution [6]; (ii) it is less sensitive to 
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nonlinearity introduced by instruments such as transducers and coupling media [7]; and (iii) the transmitter 

and receiver can remain fixed in place, as microcrack position detection is achieved by scanning the wave 

mixing zone [8]. As a result of these factors, the nonlinear Lamb wave mixing technique has gained 

popularity in recent years. 

 

A contact method (e.g., the employment of a piezoelectric transducer) has traditionally been used to generate 

and sense mixed components in the use of the nonlinear Lamb wave mixing technique up to this point. While 

touch methods are effective for detecting microcracks, their usefulness is limited when used for microcrack 

detection. These four general reasons [18] can be summarized as follows: A coupling media (such as water or 

gel) is required between the transducer and specimen in touch techniques; nevertheless, the introduction of a 

coupling medium results in increased nonlinearity in the output response of contact methods. Another 

drawback of using contact transducers in tough conditions, such as high-temperature situations, is that they 

are difficult to maintain. Third, among all of the system components, contact transducers are frequently the 

most susceptible to damage; as a result, their employment has the potential to increase maintenance costs 

while simultaneously degrading system performance. Lastly, due to the limited number of contact 

transducers that have been put throughout the system, there are unavoidable restrictions in the spatial 

resolution. So non-contact laser ultrasonic systems, such as those used in the creation and detection of mixed 

components, are particularly significant for this application. 

 

In this study, a laser ultrasonic system design that includes a Sagnac interferometer was newly developed to 

quantify the influence of microcrack on nonlinear mixed component generation. The system generates two 

narrowband Lamb waves with distinct frequencies by creating laser line-array pattern (LAP) sources. The 

uniqueness of this study is as follows: (1) A completely non-contact laser ultrasonic system equipped with a 

Sagnac interferometer was created for the generation of narrowband Lamb waves; additionally, an LDV was 

used to identify the mixed components.; (2) the proposed system allows two Lamb waves with different 

frequencies to be made at the same time by using a single pulse laser source; (3) it is possible to implement 

Lamb wave mode at a specific input frequency by simply altering an optical lens; and (4) unlike the slit mask 

method, the Sagnac interferometer produces laser LAP sources with sufficient energy (at least 80%) to 

generate input waves in structures. 

 

3. Nonlinear ultrasonic Lamb wave mixing 

 

 

Figure 1. Illustration of non-contact nonlinear ultrasonic wave mixing. (a) Linear structure and (b) nonlinear structure. 

When two input waves a  and b  traveling at distinct frequencies 
af  and 

bf  ( b af f ), respectively, are 

applied to a linear (ideal) structure, the structural response contains only the linear components 

corresponding to the input frequencies, as shown in Figure 1(a). Once the structure behaves nonlinearly (i.e., 

in the presence of a damage), the structural response undergoes a change that, in addition to the presence of 

the linear components and their harmonic components (i.e., 2
af  and 2

bf ), there is some indication of the 

presence of mixed components (i.e., 
a bf f ) (see Figure 1(b)) [7, 9]. Because these mixed components 

occur only if nonlinear sources exist, it can be considered an indication of the damage [6].  
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4. Developed laser non-contact Lamb wave mixing 

 

Figure 2 depicts a schematic representation of the newly designed laser ultrasonic system, which is 

comprised of emission and sensor components. When generating laser LAP sources, the emission unit 

employs a Sagnac interferometer and laser beam polarization, which are both implemented in the emission 

unit. A Nd:YAG laser source produces a pulsed laser beam when it is turned on. In the first step, the laser 

beam is directed toward a quarter wave plate (QWP), which modifies the polarization components (s-

polarized and p-polarized) of the incident laser beam. A 50/50 beam splitter divides a laser beam in half, 

resulting in two beams. A Lamb wave a is generated by the first laser beam and is referred to as Laser beam 

1; an excited Lamb wave b is generated by the second laser beam and is referred to as Laser beam 2. The 

first polarized beam splitter divides laser beam 1 into s-polarized and p-polarized components, resulting in a 

total of two polarized components (PBS1). Following that, the p- and s-polarized components are transferred 

to the M2 and M4 amplifiers, respectively. After that, they are recombined using PBS1. PBS1 produces a 

laser LAP in accordance with the Fresnel-Arago equations, which is formed as a result of a polarization 

component interaction between two other polarization components [10]. The outputs from PBS1 are coupled 

to a beam expander (BE1), which generates a narrowband Lamb wave a on the surface of the specimen using 

the outputs from PBS1. BEs are utilized to change the size of the laser LAP in this instance. The designs of 

PBS1, M2, M3, and M4 are very similar to those of a Sagnac interferometer setup in terms of functionality. 

The setup for the Laser beam 2-derived creation of a laser LAP for the excitation of Lamb wave b at PBS2 is 

the same as it is for the excitation of Lamb wave b at PBS1. 

 

Figure 2. Optical design of non-contact wave mixing. QWP- Quarter wave plate; BS- Beam splitter; PBS- Polarized 

beam splitter; M- Mirror; BE- Beam expander. 

 

4. Experiments 

 

In this section, the process of input Lamb wave selection for mixed component generation is described. The 

dispersion curves for the Lamb wave mode propagation through a 1-mm-thick aluminum plate. Guided by 

the internal resonance conditions, two input Lamb waves were chosen for mixed component generation [11, 

12]. Accordingly, in this study, the two input modes S0 and S0 were selected for application at 1.02 MHz (fa) 

and 0.46 MHz (fb), respectively. 
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Figure 3. Proposed fully non-contact laser ultrasonic system for nonlinear Lamb wave mixing: (a) Experimental setup 

for the generation and detection of the mixed wave, and (b) an aluminum plate with excitations a and b. 

 

Figure 3 depicts the suggested laser ultrasonic system that was created for the purpose of implementing the 

Lamb wave mixing technique. The system consisted of a pulsed laser source, a Sagnac interferometer, and an 

LDV, all of which were connected to a computer that controlled the system. As the illumination source, a 

Nd:YAG laser (Quantel Ultra Laser, pulse repetition rate: 10 Hz, pulse duration: 10 ns, wavelength: 532 nm, 

energy per pulse: 25 J) was employed. A beam splitter was used to divide the laser beam into two beams with 

equal levels of energy, each of which was produced by the same laser (BS). Following their passage through 

the Sagnac interferometer, the beams were combined to form a laser LAP source, which was then used to 

illuminate the surface of the target object. In Figure 3(b), the probe laser illumination on the specimen 

surface can be seen in conjunction with the specimen surface. A beam expander (BE) was utilized to reduce 

beam divergence to the bare minimum. Additionally, the pitches of 2.3 mm and 4 mm were maintained in 

order to excite the Lamb waves with frequencies of 1.02 MHz and 0.46 MHz, respectively, at the excitation 

frequencies. 

 

5. Results 

 

The performance of developed laser ultrasonic system is demonstrated experimentally by non-contact 

damage detection against an aluminum plate with varying damage sizes. The amplitude of mixed 

components obtained from the experiments is used to quantify the damage of test specimen. The test results 

indicate that the damaged specimen exhibits a larger amplitude value of mixed components than the intact 

specimen does.   

 

In the initial experiment, the proposed system was applied to an intact plate and a plates with a 1.35 µm 

microcrack size under the conditions of excitation frequencies of fa = 1.02 MHz and fb  = 0.46 MHz. Figures 

4(a) and (b) show the ultrasonic responses respectively acquired in the time- and frequency- domains from 

the intact and microcracked plates. From the time-domain signals alone, it is difficult to determine whether 

microcrack-related nonlinearity produced any mixed components. However, analysis of the corresponding 

frequency spectra provided the evidence. In the case of the microcracked plate, the harmonic components (2 

fa = 2.04 MHz and 2 fb = 0.92 MHz), mixed components (fa + fb = 1.48 MHz and fa - fb = 0.56 MHz), and 

input frequency components could be clearly distinguished. In contrast, only the input frequency components 

of the intact plate were observed. In addition, as can be seen in Figure 4(b), the amplitude of the mixed 
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components was higher than those of the harmonic components. This is because the applied input 

frequencies and modes satisfied the internal resonance conditions for mixed components. Thus, the strongest 

signal was obtained for the mixing frequency fa + fb and fa - fb . 
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Figure 4. Nonlinear Lamb wave mixing responses from intact and microcracked (size: 1.35 µm) plates: (a) Time-

domain signals, and (b) frequency spectra. 
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Figure 5. Nonlinear Lamb wave mixing responses from intact and microcracked (size: 1.35 µm) plates: (a) Time-

domain signals, and (b) frequency spectra. 

 

To further investigate the process of mixed component generation in the presence of a microcrack (size: 1.35 

µm), we performed additional tests under the following three conditions: Ea (excitation of wave a only), Eb  

(excitation of wave b only), and Ea+b (simultaneous excitation of waves a and b). These three tests were 

performed under the condition that the LDV sensing position was distanced 110 mm from excitation a. The 

representative signal responses are shown in Figure 4. As can be ascertained from the time-domain results, it 

is generally difficult to discern any differences in amplitude due to the presence of the microcrack. Similarly, 

it is generally difficult to identify the nonlinear mixed waves that are directly related to the presence of a 

microcrack. When Ea and Eb were separately excited, only the input frequency components and their 

harmonic components were observed, as shown in Figure 5(b) and (d). In contrast, when Ea and Eb were 
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simultaneously excited (i.e., Ea+b), two mixed components with respective mixing frequencies of 1.48 MHz 

and 0.56 MHz were observed in addition to the input frequency components and harmonic components 

(Figure 5(f)). Because the experimental setup was the same for all three tests, the mixed components would 

have been observed in the results for all three tests if they were related to instrument nonlinearities, such as 

amplifiers, transducers, and coupling media. Thus, it is reasonable to conclude that the mixed components 

observed in the frequency spectra were only attributable to microcrack-related nonlinearity. Generally, the 

occurrence of nonlinear mixed components is a more accurate indicator of the presence of microcrack than 

the occurrence of harmonic components [13-15]. The reasons for this are as follows. First, the amplitude of 

the harmonic component is averaged over the entire distance between the transmitter and receiver (i.e., 215 

mm in this study), whereas the amplitude of the mixed components is only averaged over the size of the 

wave mixing zone (i.e., 30 mm). Secondly, in addition to microcrack, instrument nonlinearities are known to 

affect harmonic component generation. Thus, analysis of the mixed components is a more effective way to 

detect microcrack. 

6. Conclusion 

 

In this study, a fully noncontact laser ultrasonic system was developed for generation and measurement of 

mixed components in an aluminum plate. With the help of developed laser-based optical Sagnac 

interferometer system, the location of the damage in an aluminum plate can be successfully detected. The 

laser LAP source, which created narrowband Lamb waves with separate frequencies (fa = 1.02 MHz and fb = 

0.46 MHz), was supplied by a Nd:YAG pulse laser, which was used to generate the Nd:YAG pulse laser. By 

using a Lamb wave generator (LDV), the input Lamb waves were transmitted through a thin aluminum 

specimen, and the resulting ultrasonic responses were detected using an LDV. Experiments were conducted 

on six aluminum specimens with varying microcrack diameters in order to evaluate the efficacy of the 

proposed system. 
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Abstract

In developing a mathematical model of a real structure, the model’s simulation results may not match the
real structural response. This issue is a general problem that arises during the dynamic motion of the struc-
ture, which may be modeled using parameter variations in the stiffness, damping, and mass matrices. These
changes in parameters need to be estimated, and the mathematical model to be updated to obtain higher
control performances and robustness. In this study, a linear fractional transformation (LFT) is utilized for
uncertainty modeling. Further, a general approach to the design of a H∞ control of a magneto-rheological
damper (MRD) for vibration reduction in a building with mass, damping, and stiffness uncertainties is pre-
sented.

Keywords— uncertainty modeling, structural control, MR Damper, H∞, robust control

1 . Introduction

Civil structures can be modeled as second-order differential equations. However, due to the modeling and/or nonlinearity
effects, it may not fully represent the physical systems and their behaviors. Hence, uncertainties should be considered in
modeling so that the simulation behaviors cover the physical responses. For that reason, [1] inquired about the robust con-
trol approach with uncertainties in system matrices and control input matrices. Moreover, [2] designed a robust controller
based on state-feedback control with a modified Kalman filter. Nevertheless, the parametric uncertainties were imple-
mented as an increment of state-space representation matrices. Thus, uncertainties can’t be recognized whether those are
in mass, damping, or stiffness matrices.

In developing a mathematical model of a real structure, the simulation results may not match the real structural response.
This matter is a general problem that arises during the structure’s dynamic motion, which may be modeled by means
of parameter variations in the stiffness, damping, and mass matrices. These changes in parameters need to be estimated
within a bandwidth, and the mathematical model is updated to obtain higher control performances and robustness.

[3] modeled these uncertainties as distinguishable with reasonable percentages. Thanks to the LFT work of [4], upper
linear fractional transformation (LFT) can be applied to civil structures uncertainties. In this part of the study, a magneto-
rheological damper (MRD) device is implemented to stabilize the civil structure. Parametric uncertainties are used for
mass, stiffness, and damping matrices.

2 . System Dynamics

The structural system is modeled according to known geometry, material properties, and boundary conditions. This model
will constitute the nominal model of the structure. Uncertainty of the structural system is considered to enter as variations
in the nominal model, such as structural mass, damping, and stiffness matrices.

2.1 . Nominal System with MRD

A civil structure system with an MRD, under earthquake excitation, as shown in Fig. 1, can be described as

(1) Ks x(t) + Csẋ(t) +Msẍ(t) = ΓufMRD(t)−MsΓdẍg(t),
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Figure 1: Shear building model with n floors

where x(t) is the n × 1 displacement vector of the structure relative to the ground, Ms, Cs and Ks are respectively the
n×nmass, damping and stiffness matrices of the structure, Γd is the n×1 identity vector, ẍg(t) is the ground acceleration,
fMRD(t) is the MRD control force applied to the structure, and Γu is the n× 1 MRD location vector. The MRD control
is modeled according to the modified Bouc-Wen model:

Figure 2: Modified Bouc-Wen model (Source: [5])

The modified Bouc-Wen model which was developed by [5] was used in numerical simulations of the present study. The
Bouc-Wen model consists of springs, dash-pots and evolutionary variables to produce MRD behavior.

The MR damper force is calculated by using the equilibrium equation for the MR Damper model in Fig. 2 as

(2) fMRD(t) = c1ẏ(t) + k1(x(t)− x0).

If this force is written for the upper part of the Modified Bouc-Wen model

(3) fMRD = αs+ c0(ẋ− ẏ) + k0(x− y) + k1(x− x0).

Then the internal parameter, ẏ, can be obtained as follows.

(4) ẏ =
1

c0 + c1
[αs+ c0ẋ+ k0(x− y)].

The evolutionary variable of the Bouc-Wen model is governed by

(5) ṡ = γ|ẋ− ẏ||s|p−1 − β(ẋ− ẏ)|s|p +A(ẋ− ẏ),

where k1 is the stiffness of the accumulator within the damper casing, x0 is the initial displacement of the piston. There
are two damper models for low and high speeds, which are represented as c0 and c1, respectively. s represents the internal
variable of the Bouc-Wen model. The shaping parameter of the hysteresis is defined with p.
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2.2 . Uncertain System Dynamics

Every mathematical model is an approximation of the true system. These models have always unmodeled effects such
as neglected nonlinearity, deliberately reduced order modes and system parameter variations owing to environmental
changes. These differences could adversely affect controller performance. In order to investigate uncertainty within the
civil structure, the model is converted to state space representation. Subsequently, the relation of the uncertainty effect
to the mathematical model is constructed. Fig. 3 shows the input-output relations of the 3-story building structure and

Figure 3: Standard M-∆ Configuration

its uncertainties. They are represented as two different systems. Here, w stands for the exogenous input which includes
earthquake disturbance, measurement noise, and control input. z denotes the exogenous output to be controlled, which
are selected as inter-story drifts and the control input. δu and δy are the input vector and output vector of uncertainties.
The relation between δu and δy is

(6) δu = ∆δy.

The relation between the inputs and the outputs yields:

(7)
[
δy
z

]
=
[
M
] [δu
w

]
,

where M can be represented by subsystems,

(8) M =

[
M11 M12

M21 M22

]
.

The transfer function of exogenous input to exogenous output can be written as follows,

(9) z = FU (M,∆)w

Here, FU (M,∆) is the Linear Fractional Transformation (LFT ), which can be derived as follows

(10) FU (M,∆) = M22 +M21∆(I −M11∆)−1M12.

In a real civil structure, the physical parameters of Ms, Cs, and Ks are not precisely known. It can be assumed that their
actual values are varying with known intervals around nominal values.

Ms = M̄s + PMδMM̄s = (I + PMδM )M̄s,(11)
Cs = C̄s + PCδCC̄s = (I + PCδC)C̄s,

Ks = K̄s + PKδKK̄s = (I + PKδK)K̄s,

where M̄s, C̄s, and K̄s represent nominal values of Ms, Cs, and Ks. The possible perturbations are δM , δC , and δK
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on model parameters. Further, PM , PC , and PK represent the maximum ratio of differences between the real structure
and the mathematical model. The matrices δM , δC and δK typically are diagonal matrices with uncertain varying values
bounded within the range of [−1, 1]. These types of uncertainties are named structured uncertainties since they have zero
off-diagonal elements. A brief description of the structured and the unstructured uncertainties was done by [?]. We note
that Ms, Cs, and Ks could be represented as an LFT in δM , δC , and δK , respectively. Similar to the representation of the
building model upper LFT, given in Eq. 11, MM , MC , and MK are represented;

MM =

[
PM I

−M̄s
−1
PM M̄s

−1

]
, MC =

[
0 C̄s

PC C̄s

]
, MK =

[
0 K̄s

PK K̄s

]
.(12)

Figure 4: Representation of uncertainties as LFT

These matrices can be illustrated by standard M −∆ representation as shown in Fig. 4. It is noteworthy that MM is given
in the inverse form of Ms since it will be employed in that scheme while constructing the overall structural dynamics.

Figure 5: Block diagram of the control system with uncertainties

The uncertainties ∆M , ∆C and ∆K shown in the block diagrams in Fig. 4 depict the inputs and outputs of δM , δC and
δK as δu, and δy as shown in Fig. 5.

Let the states be
[
x
ẋ

]
and the measurement y be the story displacements of the structure and earthquake excitation ẍg . The

general state-space relation for Fig. 5 can be constructed as;

(13)


ẋ
ẍ
. . .
δy
. . .
y

 =


A

... B1 B2

. . . . . . . . . . . .

C1

... D11 D12

C2

... D21 D22





x
ẋ
. . .
δu
. . .
ẍg
u


,

where

A =

[
0 I

−M̄s
−1
K̄s −M̄s

−1
C̄s

]
, B1 =

[
0 0 0

−M̄s
−1
PM −M̄s

−1
PC −M̄s

−1
PK

]
,B2 =

[
0 0

−Γd M̄s
−1

Γu

]
,

and C1 , C2, D11, D12, D21, and D22 can be constructed according to measurements and exogenous outputs.
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The input/output dynamics that take into account the uncertainty of the system parameters can be indicated by M, as
shown in Fig. 6, housing all uncertainties and perturbations.

Figure 6: Input/output block diagram of the system

3 . Robust Controller Design and Generalized Civil Structure Construction

In this section, a robust controller and how to construct the generalized civil structure will be explained, respectively.

The robust controller can be designed through small gain theorem [4]. According to the small gain theorem, generalized
civil structure plant is internally stable for all ∆ with

‖∆‖∞ ≤ 1/γ ⇐⇒ ‖FL(P,K)‖∞ < γ,

‖∆‖∞ < 1/γ ⇐⇒ ‖FL(P,K)‖∞ ≤ γ,(14)

where P represents the generalized civil structure plant. The value γ has the sense of energy ratio between exogenous
outputs vector z and exogenous inputs vector w. As the γ tends to its minimal value, the above formulation can be also
named as the optimal H∞ control problem [6].

3.1 . Generalized Civil Structure Plant

A block diagram representation of the civil structure system is depicted in Fig. 7. K represents the controller. The
frequency domain weighted function Wg shapes the spectral content of the disturbance, ẍg , modeling the earthquake
excitation.The matrixWp is weighting regulated response whereasWu weighting the control signal.Wn is used to weight
the measurement noise n. The input excitation w consists of earthquake excitation ẍg and measurement noise n. The
output z is composed the frequency weighted regulated response and control force.

Figure 7: Control block diagram for a seismically excited civil structure.

Different control strategies can be utilized in order to find the control forces required for enhanced structural behavior. In
the control algorithm, control forces that will cause the system to satisfy the desired exogenous output, and at the same
time maximize or minimize a chosen cost function are determined. The cost function of the study is to minimize the
introduced γ value.

In the present study, the controller consisted of two stages: a linear optimal control part and a modified clipped algorithm
which is proposed by [8]. The required control force uwas calculated by the controller. Then, the voltage to be applied was
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Figure 8: MRD setup Source: [7]

determined by the modified clipped algorithm by comparing the required control force u and the damper force, fMRD, of
the previous time step. The block diagram representation of the system is presented in Fig. 8.

Figure 9: Graphical representation of modified clipped control algorithm (Source: [8])

The magnetic field in the damper is set to develop damping forces that are equal to those obtained by the H∞ control.
This part is performed by a clipped controller. The output of the feedback block in the block diagram representation in
Fig. 8 is determined by the modified clipped control algorithm.( Fig. 9)

3.2 . µ-Synthesis and D-K Iteration

The structured singular value µ is a powerful tool for the analysis of robust performance with a defined controller. Yet,
one may also seek to find the controller that minimizes a defined µ-condition: the µ-synthesis problem ( [9]).

(15) µ∆ (FL(P,K)) =
1

min
{
σ̄ (∆)

∣∣det (I− FL(P,K)∆) = 0
} ,

where σ̄ (∆) is the largest singular value of ∆ ; det is abbreviation of determinant. det (I− FL(P,K)∆) = 0 means that
the uncertainty matrix ∆ destabilizes FL(P,K). Eq. 15 shows that the largest singular value of FL(P,K) is, at the same,
the reciprocal of smallest singular value for the uncertainty matrix ∆ to destabilize FL(P,K).

Apparently, µ∆ (FL(P,K)) is linked the closed-loop (CL) and the structured uncertainties ∆. A robust controller can be
designed by minimizing the largest value of µ∆ (FL(P,K)) to replace ‖FL(P,K)‖∞ in Eq. ??. Nevertheless, there is no
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available method to calculate µ∆ (FL(P,K)). Accordingly, an iterative method studied by [10] is utilized; D-K iteration.

(16) µ∆ (FL(P,K) (jω)) ≤ inf
D∈Ξ

σ̄
(
DFL(P,K)D−1 (jω)

)
where D is a scaling matrix in Ξ which is a set of diagonal scaling matrices, the entries of which are a combination of
system and constant matrices. The D-K iteration can use inf σ̄

(
DFL(P,K)D−1

)
to replace µ∆ (FL(P,K)) and aims to

solve the following optimization problem:

(17) min
K(jω),D∈Ξ

σ̄
(
DFL(P,K)D−1 (jω)

)
.

If the D matrix is known, Eq.17 is a standard H∞ optimization problem. After solving the given optimization problem
over the interest frequency range with a known K, a series of D(jωi) at every corresponding frequency point ωi will be
formed by curve-fitting the rational transfer function matrix D(jωi). Thereafter, D(jω) is fixed to compute the controller
K in the next iteration.

4 . Simulation and Results

In this section, performance comparisons between the designed robust H∞ controller considering the uncertainties and
H∞ controller without consideration of parametric uncertainties will be presented. A 3-storey civil structure with ideal
MR damper, RD 1005-3 which was produced by Lord Co., was mounted to the first floor.

The nominal model parameters of the civil structure are ms1 = ms2 = ms3 = 200 kg, ks1 = ks2 = ks3 = 156250 N/m
andC is calculated by Rayleigh Damping Criteria and first two modes damping ratios are ζ1 = ζ2 = 0.02. The uncertainty
ratios were taken as 0.2, for mass and stiffness (PM , PK) and 0.6 for damping matrix, PC .

In our model, to have the desired controlled structure response, the input disturbance was pre-multiplied by first order
Tajimi Spectrum ( [11]) ,Wg , to take into account stochastic earthquake excitation. The 1940 El Centro NS earthquake
record is adopted as the ground excitation ẍg . Further, white Gaussian noise is added to the measurements, y. The noise
input was shaped by Wn filter.

Signal to noise ratio (SNR) and cut-off frequency were set as 10 and 100 Hz, respectively. Performance and control
weights, Wp and Wu, are chosen after a few trial as, Wp = diag([0, 5, 1, 1]) and Wu = 10e− 6.
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Figure 10: Singular values of possible perturbed structures

Uncertainties may change the model by a significantly. Fig. 10 shows the nominal and perturbed civil structure singular
values. As can be seen in the figure, the singular values of the structures vary and deviate from the nominal value. Let us
have a look at how to model the modal parameters having uncertainties.
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Ks =

2k + Pk(δk1 + δk2)k −k − Pkδk2k 0
−k − Pkδk2k 2k + Pk(δk2 + δk3)k −k − Pkδk3k

0 −k − Pkδk3k k + Pkδk3k

 ,(18)

Cs =

2c+ Pc(δc1 + δc2)c −c− Pcδc2c 0
−c− Pcδc2c 2c+ Pc(δc2 + δc3)c −c− Pcδc3c

0 −c− Pcδc3c c+ Pcδc3c

 ,
Ms =

m+ Pmδm1m 0 0
0 m+ Pmδm2m 0
0 0 m+ Pmδm3m

 .
All the possible perturbed structures have uncertainties in their system matrix, A, with different ratios. The worst-case
scenario is achieved through the maximum gain (the maximum singular value) computed according to the varying uncer-
tainties. After the worst-case gain computations, the structure having worst uncertainties yields as;

Ks =

 1.6k −0.8k 0
−0.8k 1.6k −0.8k

0 −0.8k 0.8k

 , Cs =

 0.8c −0.4c 0
−0.4c 0.8c −0.4c

0 −0.4c 0.4c

 ,(19)

Ms =

1.2m 0 0
0 1.2m 0
0 0 1.2m

 .
k = kst = 156250N/m, c = 42.25Ns/m, m = 200kg.

The structure having worst-case uncertainty has no instability issues for the structure without a controller. However, this
does not mean that all structures will show small deformations under an earthquake. A controller aimed for a nominal
structure may be destructive if existing uncertainties are not considered.
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Figure 11: H∞-controlled structure’s responses

The roof displacements, the maximum inter-story drifts, and control forces for the nominally-controlled worst-case (WC-
NCF) and nominal-case (NCNCF) structures are given in Fig. 11. The responses for the worst-case structure without a
controller, which is depicted by a black line in the figure, are larger than the nominal-case responses given in the earlier
chapters.
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As seen in the figure, a nominal controller may cause instability if the designer neglects uncertainties. In other words, in
control implementations, the uncertainties should be taken into account seriously. The control forces increase thoroughly
since the controller computes the required force considering the nominal-case structure modal parameters. As a result,
instability occurs.
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Figure 12: MRD-installed structure’s bode diagram

Fig. 12 shows the uncontrolled and controlled structure frequency responses. The nominal-case robust control feedback
(NCRCF) frequency magnitudes are reduced by around 30dB at the first mode. Similarly, the worst-case robust control
feedback (WCRCF) response magnitudes are decreased by more than 30dB. The achieved robust controller can control
both structures regardless of their modal parameters. Its stability margins are much wider than the nominal-case H∞
controller.
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Figure 13: The robust controller-installed structure’s responses

The robust controller decreases the frequency amplitudes at peaks, but at the same time, it causes around 5dB upthrusts in
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between 2.5 and 5Hz. As a result, the closed-loop responses in the time domain increase.

Table 1: Performance indices of the robust controller

J1 J2 J3 J4

Uncontrolled 1.0000 1.0000 1.0000 1.0000
NCRCF 0.7311 0.6690 0.3137 0.2637
WCRCF 0.4679 0.4578 0.2436 0.2280

Simulations for the structures equipped with the robust controller are undertaken. In these simulations, the MRD is em-
ployed as the control device. The roof displacements and maximum inter-story drifts of the 3-story structure are given in
Fig. 13. According to Table 1, the indices J1 and J3 for the nominal-case structure are equivalent to 0.7311 and 0.3137,
respectively. Besides, the indices with the same robust controller are decreased to 0.4679 and 0.2436 for the worst-case
structure. It can be said that the robust controller shows a satisfactory performance for the structure within given uncer-
tainties. J2 and J4 indices are 0.6690; 0.4578 and 0.2637;0.2280, respectively and these values represents the maximum
inter-story drifts in infinity and 2-norm.

5 . Conclusion

The purpose of this study was to control a three story shear frame with model parameter uncertainties. For this purpose,
the civil structure was modeled as uncertain in reasonable ranges regarding mass, stiffness, and damping. The nominal
and worst-case uncertainty models were chosen to verify the designed controllers, based on H∞ norm. It was observed
that the controller reduces the response of the structure. However, the mere H∞ controller’s performances were not as
satisfactory as expected. Besides, it amplified the oscillating responses and led the structure to fail.

A robust controller was designed by µ synthesis for selected possible perturbations and it covers all perturbations.

In conclusion, the proposed µ controller can be a solution to stabilize for the structure that has parametric uncertainties.
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Abstract 

Noise and vibration attenuation is a challenging topic in vehicle transmission systems. The objective 

of present study is to design an adaptive vibration absorber for vibration isolation of a transaxle of 

Getrag DC T300. The dynamic behavior of the transmission system is simulated through a conceptual 

model consists of 3D quadratic shell elements, linear spring element, mass points and appropriate 

boundary conditions. To design the vibration absorber, metal cushion is used which stiffness and 

damping properties can be adjusted by changing its density through pre-compressing of material. In 

this regard, the proper position of of absorber is decided, and a direct optimization is carried out 

following a sets of parametric studies. So that the optimum path for a wide frequency band is 

achieved offering optimum values of pre-compression rates (C). It is observed that this material can 

be adaptively tuned to isolate the vibration of automotive transmission system for the frequency 

range of 2000-3000 Hz with an acceptable effectiveness. 

Keywords: Vibration control; finite element; transmission; metal cushion, smart material.  

1. Introduction 

Noise and vibration in automotive transmission systems has been a concrete engineering problem for decades 

[1]. Few efforts have been made by experts and scholars to suppress vibrations of this kind with the help of 

vibration controllers following semi-active working principle [2]. Semi-active systems require to adapt their 

properties lively to the host structure response or the excitation frequency. To make sure the vibration absorber 

is accurately adapted, optimal tuning is necessary. Some efforts have been made in previous research works in 

optimal design of adaptive vibration attenuators [3–5]. 

The present research offers an optimal tuning of a vibration absorber (VA) to isolate the vibration of a transaxle 

Getrag DC T300. Since the ultimate objective is to reduce whine noise for human comfort, the favorable 

frequency range is 2000 Hz to 5000 Hz. The VA is made of metal cushion, a smart material, which has a density 

dependent stiffness property providing the possibility to suppress many modes of vibration with a single 

absorber device. The main idea is to minimize the kinetic energy and prevent the energy flow propagation in 

the transaxle housing. A conceptual dynamic model using shell elements and mass compensating points, 

and a spring element is generated in this study which surpasses the numerical modeling of the whole 

transmission system which requires a heavy finite element discretization with more than one million 

elements as reported by Weis et al [6]. The results revealed an efficient vibration reduction in a wide 

frequency band by implementing a VA relying on its proper positioning and optimal tuning of its stiffness and 

damping properties.  

2. Modeling strategy and probem formulation 

Figure 1(a) introduces the transaxle Getrag DC T300 transmission model which consists of dynamic and static 

components. The housing shell and bearings are the static parts, while the internal components such as input, 

lay and differential shafts and associated gears are considered as the dynamic parts. The input and lay shafts 

are constrained by two sets of bearings hosted by two plates, at the front and back sides of the transmission 

housing (see Figure 1(a)). The source of structural noise is the internal parts which transmit the vibrational 

energy through the bearings to housing. The aforementioned plates which host the bearings play critical roles 

in vibration transmission from its source to the housing. In this regard, it is of our interest to constrain the VA 
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between these two plates. Since the back plate is fixed in reality, it is assumed that the VA is attached to the 

front plate from one side, and it is attached to a rigid media from other side.  

To conduct the numerical analysis, a conceptual dynamic model is proposed including the circular plate with 

3mm thickness with fixed boundary conditions as 

(1) 𝑈𝑟 = 𝑈𝑧 = 𝑈𝜃 = 𝑟𝑜𝑡𝑟𝑧 = 𝑟𝑜𝑡𝑟𝜃 = 𝑟𝑜𝑡𝑧𝜃  

where U and rot refer to displacement and rotation degrees of freedom defined based on radial (r), axial (z), 

and tangential (θ) directions. In addition, the mass points A and B are devised at the location of bearings (see 

Figure 1(b)) to represent the mass of internal components which weight is applied on the corresponding 

bearings. The mass contributed to the weight force imposed on each bearing is estimated 4.4 kg by division of 

the whole dynamic components mass (26.5 kg) by total number of bearings (6). Besides, the circular plate is 

assumed to be made of aluminium alloy with the following properties. 

Table 1. Material properties for aluminium alloy. 

Density (kg/m3) Elastic Modulus (GPa) Poisson’s Ratio Damping Ratio (%) 

2770 71 0.33 1 

The target thin-walled plate is prone to vibration with out of plane modes. For this reason, an out of plane VA 

is considered to be connected from one side to the circular plate and from other side to the end plate.  

 

 

    

(a)                                 (b) 

Figure 1. (a) transaxle Getrag DC T300, (b) conceptual dynamic model. 

Considering metal cushion for the VA, the stiffness (K) and damping ratio (D) can be adjusted according to 

Table 2 measured by Rieß et al [7].  

 

Table 2. Metal cushion properties at different pre-compression rates. 

C (%) K (N/mm) D (%) 

5 232 21 

10 486 13.9 

15 985 9 

20 1880 4.4 

25 4230 2.3 

30 8370 1.25 

35 15900 0.31 

40 29100 0.14 
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The final important issue for dynamic modelling is the excitation which is applied on the bearings. By 

modelling the dynamic problem of transaxle using Romax Designer software, it is revealed that an average 

amplitude excitation force of F1=-F0 N and F2=2.33F0 (F0=234.34N) is applied on the input and lay shaft 

bearings, respectively. These loads are obtained as a result of a harmonic analysis excited by a 1400 rpm and 

20 N.m, input shaft rotation speed and torque amplitude, respectively. Hence, these forces are imposed on the 

mass points A and B harmonically as given by 

(2) 𝐹𝐴∨B = 𝐹1∨2 sin(𝜔𝑡)  

where 𝜔 is the frequency of harmonic load. 

Since the in-plane components of bearing reaction force are not responsible for out of plane deformation modes, 

they are not included in this study. 

The numerical design procedure for the adaptive VA is given by the flowchart in Figure 2. The first stage is to 

identify the natural frequencies, corresponding mode shapes, and the frequency response in the required 

frequency range. This evaluation is conducted by means of a finite element model built in ANSYS environment 

with quadratic shell elements solving the modal and harmonic analyses. 

 The next step is to locate the VA properly (i.e. where the efficiency is highest in terms of vibration amplitude 

reduction). In this regard, the VA is modelled through a linear spring element. After deciding the best position 

for the VA, the effect of absorber tuning property on KE (kinetic energy) in a wide frequency band should be 

studied. In this regard, a steady state forced vibration analysis should be based on full solution. Presenting the 

result of this analysis in the frame of response surface can determine whether the VA is adaptable to the 

frequency range of interest or not. In fact, the VA is adaptable if the frequency response demonstrates 

meaningful variations by changing the tuning variable, pre-compression rate C. If the VA works for the desired 

frequency band, the last step is to conduct narrow band optimizations to minimize the KE at specific 

frequencies which can be summarized as 

  optimization objective: min KE 

  optimization variable: C 

  optimization constraint: frequency interval including particular peaks 

(3) 

(3) 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Numerical design procedure of the VA. 
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3. Results and discussion 

The vibration analysis results can be evaluated in the form of maximum value, average value, summation, etc. 

However, the maximum value could be variable from one location to another when it comes to parametric 

studies. In addition, the average value could not show the variations clearly in a parametric study when the 

most of elemental values are close to each other but far from the maximum. Hence, the summation of KE 

among all elements is considered as the harmonic response variable. In addition, to make comparisons among 

different frequency response curves, the KE peaks and the area under the curve at the 60 Hz vecinity of 

resonance is evaluated. 

3.1 Positining the VA 

The KE frequency response is evaluated for a reference case where there is no treatment on the structure. For 

the frequency range of 2000 to 5000 Hz, the KE is plotted as represented by Figure 3. Among six number of 

peaks in the frequency response, four of them are selected for isolation. 

 
Figure 3. KE frequency response for the case without treatment. 

 

The natural frequencies and mode shapes corresponding to the target peaks are presented in Table 3. 

 

Table 3. The natural frequencies and corresponding mode shapes. 

Peak no. Natural frequency [Hz]   Mode shapes (deformation) 

 

 

1 

 

 

2350 

 

 

 

2 

 

 

2400 

 

× 

× 
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C 
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2 

3 

4 
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3 

 

 

3080 

 

 

 

4 

 

 

4750 

 

The cross marks show three candidate locations A, B and C to study the influence of VA on the system dynamic 

response. In order to find the best position for the VA, three different frequency intervals are considered 

including the target natural frequencies and setting the compression rate on 20%.  

Figure 4 illustrates the effect of different VA positions on KE in the frequency interval [2200,2600] Hz 

including the first two target peaks.  

 

Figure 4. The effect of positions: KE frequency response (2200 Hz ≤f≤2600 Hz). 

It can be observed that all candidate positions are in favour of vibration attenuation. However, their isolation 

effect is different offering the highest reduction of resonant peak and under the curve area by points C and B, 

respectively as reported by Table 4. 

Table 4. Isolation rates obtained at different positions (2200 Hz ≤f≤2600 Hz)  

position 𝐾𝐸𝑇−𝐾𝐸𝑁

𝐾𝐸𝑁
 

×100 %  

∫(𝐾𝐸𝑇−𝐾𝐸𝑁) ⅆ𝑓

∫𝐾𝐸𝑁 ⅆ𝑓
 

×100 %  

A 35.24 7.85 

B 23.28 10.09 

C 53.54 5.05 
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Figure 5 indicates the influence of different VA positions on KE in the frequency interval [2950,3160] Hz 

including the third target peak.  

 

 
Figure 5. The effect of positions: KE frequency response (2950 Hz ≤f≤3160 Hz). 

 

It can be figured out that points B and C are in favour of vibration reduction. However, point C offers a 

remarkable reduction in resonant peak and under the curve area as reported by Table 5. 

 

Table 5. Isolation rates obtained at different positions (2950 Hz ≤f≤3160 Hz)  

position 𝐾𝐸𝑇−𝐾𝐸𝑁

𝐾𝐸𝑁
 

 ×100 % 

∫(𝐾𝐸𝑇−𝐾𝐸𝑁) ⅆ𝑓

∫𝐾𝐸𝑁 ⅆ𝑓
 

   ×100 % 

A - - 

B 8.87 16.52 

C 54.74 45.39 

 

Figure 6 represents the effect of different VA positions on KE in the frequency interval [4500, 4950] Hz 

including the fourth target peak. What can be inferred from this diagram is that none of the candidate points is 

helpful for vibration attenuation in the investigated frequency range. However, tuning the material pre-

compression rate which will be discussed in the next section could change this result. The shift on natural 

frequency is expectable since the system global stiffness changes by altering the position of absorber. An 

overall comparison of position effect results in different frequency bands (Figures 4-6) leads to selection of 

point C as the best position to attach the absorber. 
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Figure 6. The effect of positions: KE frequency response (4500 Hz ≤f≤4950 Hz) 

 

3.2 Optimal tuning of pre-compression rate 

To study the influence of material pre-compression rate (C) on KE frequency response, the same frequency 

intervals as Section 3.1 are taken. According to the results reported by Figures 7a, 8.a, and 9, it can be inferred 

that a non-uniform unpredictable variation of response is achieved for the first and second frequency intervals. 

Accordingly, it can be ensured that the VA is tuneable in the first and second frequency intervals. The results 

of tuning optimization is reported by red marks ( ) which means the optimal pre-compression rates are 

obtained at each frequency. The optimally tuned path is shown by Figures 7.b and 8.b. Regarding the third 

frequency interval, it can be figured out from Figure 9 that the VA is inside the frequency range but it exhibits 

a quite low effect. It should be noted that KE is plotted by exponential function, which means the variation 

response with respect to the tuning variable is negligible. 

The consecutive increase and decrease observed in the frequency intervals [2250, 2300] Hz, and [3150, 3200] 

Hz is the result of a trade-off between stiffness and damping ratio of metal cushion which change reversely by 

pre-compressions rate. 

 

         
(a)                                     (b) 

Figure 7. Frequency range of 2200 to 2600Hz: (a) KE over frequency and pre-compression rate,  

(b) pre-compression rate over frequency. 
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(a)                                     (b) 

Figure 8. Frequency range of 2950 to 3200Hz: (a) KE over frequency and pre-compression rate,  

(b) pre-compression rate over frequency. 

 

 
Figure 9. Frequency range of 4500 to 4950Hz: KE over frequency and pre-compression rate. 

To observe the efficiency of the optimal tuning, the KE frequency response is compared for with and without 

treatment of vibration control in the frequency range of 2000 to 3200 Hz. The compression variable takes its 

optimum value according to results reported by Figures 7 and 8. It should be noted that the compression rate 

equals to 15% in the frequency ranges out of optimization design space. The effectiveness of this optimal 

treatment is well manifested by Figure 10 where the second (2400 Hz) and the third (3080 Hz) peaks are 

diminished by high rates as given by Table 6. 

 
Figure 10.  (a) A comparison of KE frequency response with and without treatment (dashed lines), (b) The 

optimal tuning path (solid redline). 
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Table 6. Isolation rates obtained at different positions (2950 Hz ≤f≤3200 Hz)  

target 

peak 

𝐾𝐸𝑇−𝐾𝐸𝑁

𝐾𝐸𝑁
 

×100 %  

∫(𝐾𝐸𝑇−𝐾𝐸𝑁) ⅆ𝑓

∫𝐾𝐸𝑁 ⅆ𝑓
 

×100 % 

1 - - 

2 74.1 56.81 

3 78.5 65.16 

 

The prior comparison study (Figure 10) is carried out considering the excitations which are resulted from a 

typical shaft speed and torque condition described in Section 2. Yet, the loading condition could vary in reality 

due to several factors such as speeding, gear shifting, braking, and so on. In this regard, the effectiveness of 

the designed VA for different excitation forces ratios is studied. To change the ratio of excitation forces, it is 

persumed |𝐹1
⃗⃗  ⃗| = 𝐹0𝑐𝑜𝑠𝜃 , and |𝐹2

⃗⃗⃗⃗ | = 𝐹0𝑠𝑖𝑛𝜃  where 0≤θ≤π 2⁄  . So that a comprehensive study can be 

perfomed covering all contribution of loads acting on the bearings. Figure 12 reports the result of KE assessed 

at the 2nd target peak offering a remarkable effectiveness for the VA. However, it can be comprehended that 

minimum effectiveness is achieved in the absence of F2. 

 Deformation (m), 𝐹 = 𝐹2
⃗⃗⃗⃗  

 

 

 

 

 

 

 

 

 

 
 

 

Deformation (m), 𝐹 = 𝐹1
⃗⃗  ⃗ 

 
Figure 12. The influence of excitation forces ratio on KE at the 2nd target peak resonance 

Figure 13 reports the result of KE assessed at the 3rd target peak offering a rewarding effectiveness which is 

highest in the absence of F2, and decreases as F1 decreases. 

𝐹 = 𝐹1
⃗⃗  ⃗ 

𝐹 
=

𝐹
2⃗⃗
 ⃗  
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 Deformation (m), 𝐹 = 𝐹2
⃗⃗⃗⃗  

 

 

 

 

 

 

 

 

 

 

 
Deformation (m), 𝐹 = 𝐹1

⃗⃗  ⃗ 

 
Figure 13. The influence of excitation forces ratio on KE at the 3rd target peak resonance 

 

Conclusion 

Noise and vibration in vehicle tranmission systems involves resnonts in a broad band of frequency. So that, 

isolation of this kind of vibration requires a vibration atenuator which not only suppresses several modes of 

vibration adaptively, but also is amenable to resonant modes far from each other. According to a recent research 

by scholars, a wide band frequency adaptability of metal cushion material is discovered. In this study the effect 

of position and pre-compression rate is investigated for a VA made of metal cushion. Accordingly, a response 

surface optimization is conducted to find the optimally tuned pathes. 

An acceptable effectiveness is achieved using the optimally designed VA in the frequency range of 2000-3200 

Hz. In fact, the amplitude of vibration and the are under the curve is reduced by 74.1% and 56.81% for the 

resonant peak at 2400 Hz, and 78.5% , 56.81% for resonant peak at 3080 Hz. Thus, it can be claimed that the 

optimally designed adaptive VA is helpful for noise and vibration isolation in a relatively wide frequency band. 

Studying the effect of contribution of loads acting on the bearing revealed that vibration can be isolated by 

different effectiveness rates. So that it could be a suggestion for the future studies to reduce the dependency of 

VA efficiency by applying appropriate considerations. 

The results of this research can be used as design references for developing the proccecor unit of a semi-active 

vibration controller. The processor unit produces the proper transfer function to isolate the vibration according 

to a sensed feedback which could be conducted in a live mode.  
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Shape memory alloys (SMAs) are materials which can be classified as functional materials. The feature 

which distinguishes them from the other materials in this group is a shape memory effect. The aforementioned 

effect is connected with the direct and reverse martensitic transition. It means that the shape of an element 

which is made of this alloy can significantly change during these processes. The phenomenon has already been 

successfully applied in engineering and medicine where a part of applications are linear and rotary actuators. 

Such designs are driven by one, two or more shape memory alloy elements (in some cases with a bias spring 

or springs additionally applied). There is particular case the antagonistic work of two SMA elements is used.  

There is a number of models of the behaviour of shape memory alloys which can be used to simulate 

SMA elements’ actuation. They can be divided into three groups, as follows: thermal models, phase transition 

models and mechanical models. This paper presents some of the models belonging to three aforementioned 

groups. These considerations are followed by the author’s approach to modelling of mechanical behaviour of 

antagonistic pair of shape memory alloy wires.    
 

1. Introduction 
 

Shape memory alloys (SMA) are materials which can be included in the group of functional materials [6]. The 

feature which distinguishes them is the shape memory effect which is connected with the phase transformation 

from martensite to austenite, and reversely [6]. There are three effects connected with such a material: one-

way shape memory effect, two-way shape memory effect and pseudo-elasticity [5][6]. These effects occur due 

to the aforementioned phase transformations which are characterised with the phase transformation 

temperatures: 𝑀𝑠, 𝑀𝑓, 𝐴𝑠, 𝐴𝑓, which correspond with: martensite start, martensite finish, austenite start and 

austenite finish temperatures, respectively [5][6].  

This work considers one-way shape memory effect. Mechanical loading applied to the SMA at temperature 

below 𝑀𝑓 (when material is in martensitic phase) causes stable macroscopic deformation [5]. Heating the SMA 

above 𝐴𝑓 triggers transformation to austenite and shape recovery [5]. Elements which are made of shape 

memory alloy can be used for actuation, damping and/or sensing [13]. SMA actuators can also generate large 

force per unit weight [13]. Hence, shape memory alloys actuators are expected to be one of the next generation 

actuators for aircraft [13].  

This work focuses on shape memory alloys from modelling point of view. There are a lot of models of the 

behaviour of the SMAs which can be classified into different groups [1][12][14]. The first classification takes 

into account the scale of the model and distinguishes the following groups [14]: 

• micromechanical models,  

• mesoscopic or lattice-level models,  

• macroscopic models. 

The second classification refers to the assumption from [1], which constitute that the shape memory alloys 

behaviour can be modelled as a system consisting of three components [1] (Fig. 1): 

• thermal model, 

• phase transformation model, 

• mechanical model. 
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Figure 1 The shape memory alloys behaviour model [1]. 

This division was also used by A. Pai in [12]. 

This study focuses only on the chosen macroscopic frameworks accordance with the latter of the 

aforementioned classifications.   

1. Thermal models 
 

Thermal models have been presented in various forms of thermal equilibrium as in the following works [1] [2] 

[3] [4] [12] [14]. Assuming that a wire made of SMA is modelled, a dedicated power balance should take into 

account the following characteristics [1] [2] [3] [4] [12] [14]: 

• internal energy change �̇�𝑤, 

• electrical power 𝑃𝑒 (assuming the wire is being heated with an electric current), 

• convection heat flow �̇�𝑘. 

The publications mentioned above include also:  

• phase transformation 𝑃𝑝𝑓 (in [1] [3] [14] and implicitly in [4] by heat capacity value change), 

• thermal radiation �̇�𝑝 (in  [3]), 

• mechanical power 𝑃𝑤 (in [3]). 

Based on the works mentioned above, the thermal equilibrium, which includes all of the above, may be 

expressed as: 

(1)      �̇�𝑤 + �̇�𝑘 + �̇�𝑝 + 𝑃𝑝𝑓 + 𝑃𝑤 = 𝑃𝑒, 

where a type of phase transformation determines values (negative or positive) of 𝑃𝑝𝑓 and 𝑃𝑤. 

Note that if balance’s components enumerated above are provided, the equation can be formed as follows [1] 

[2] [3]: 

(2)   𝜚𝑉𝑐𝑝
𝑑𝑇

𝑑𝑡
+ ℎ𝐴(𝑇 − 𝑇𝑜𝑡) + 𝜀𝜎𝑟𝑎𝑑𝐴(𝑇

4 − 𝑇𝑜𝑡
4) + 𝜚𝑉𝛥𝐻

𝑑𝑅𝑚

𝑑𝑡
+ 𝑃𝑤 = 𝑖

2𝑅, 

with:  

𝜚 – SMA density, 

𝑐𝑝– SMA specific heat, 

𝑉 – SMA volume, 

𝑇 – SMA temperature,  

𝑡 – time, 

𝑖 – electrical current passing through SMA wire, 

𝑅 – SMA wire resistivity, 

ℎ – convection heat transfer coefficient, 

𝐴 – surface area of SMA wire,  

𝑇𝑜𝑡 – ambient temperature, 

Δ𝐻 – latent heat defined on the transformation interval, 

𝑅𝑚 – martensite fraction, 

𝜀 – SMA emissivity, 

𝜎𝑟𝑎𝑑 – Stephan-Boltzman constant. 
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Furthermore, similarly as in mentioned sources, thermal model has been implemented into numeric computing 

software. For simplicity, thermal radiation and mechanical power has been neglected (free displacement). 

Exemplary response characteristic is shown on Figure 2. 

 

Fig. 2. Upper plot – excitation signal as an electrical current passing through SMA wire value change; lower 

plot – response signal as a SMA wire temperature value change.   

𝐴𝑠 – martensite to austenite phase transformation start temperature;  

𝐴𝑓 – martensite to austenite phase transformation finish temperature;  

𝑀𝑠 – austenite to martensite phase transformation start temperature;  

𝑀𝑓 – austenite to martensite phase transformation finish temperaturę (all temperatures are referred to no load 

condition).  

Author’s analysis based on [1] 

2. Phase transformation models 
 

This paragraph considers a phase transformation model as the second component of the SMA behaviour model. 

Such models have been discussed in works ([1] [2]), from simple to complex forms. At the beginning, a model 

from [1] will be presented. It determines martensite fraction in a SMA as the function of SMA temperature 

assuming a constant load condition. The model can be described by the following equations [1]: 

• for heating process: 

(3)     𝑅𝑚 =

{
 

 
1 𝑑𝑙𝑎 𝑇 < 𝐴𝑠

𝜎

1

2
[𝑐𝑜𝑠 (𝜋

𝑇−𝐴𝑠
𝜎

𝐴𝑓
𝜎−𝐴𝑠

𝜎) + 1]  𝑑𝑙𝑎

0 𝑑𝑙𝑎 𝑇 > 𝐴𝑓
𝜎

 𝐴𝑠
𝜎 < 𝑇 < 𝐴𝑓

𝜎, 
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• for cooling process: 

(4)     𝑅𝑚 =

{
 

 
1 𝑑𝑙𝑎 𝑇 < 𝑀𝑓

𝜎

1

2
[𝑐𝑜𝑠 (𝜋

𝑇−𝑀𝑓
𝜎

𝑀𝑠
𝜎−𝑀𝑓

𝜎) + 1]  𝑑𝑙𝑎

0 𝑑𝑙𝑎 𝑇 > 𝑀𝑠
𝜎

 𝑀𝑓
𝜎 < 𝑇 < 𝑀𝑠

𝜎.  

 

where: 

𝐴𝑠
𝜎 , 𝐴𝑓

𝜎 ,𝑀𝑠
𝜎 , 𝑀𝑓

𝜎 - phase transformation temperatures referred to determined stress 𝜎. 

More complicated model has been presented in [2], further used by A. Pai in [12]. Nevertheless, the following 

model description will be based on [2].  

Regarding to heating or cooling process, the martensite fraction during phase transformation can be described 

by the undermentioned relations: 

(5)     𝑅𝑚(𝜃, 𝑡) = {
𝑅𝑚
𝐶 (𝜃, 𝑡) 𝑓𝑜𝑟 𝑐𝑜𝑜𝑙𝑖𝑛𝑔 𝑝𝑟𝑜𝑐𝑒𝑠𝑠 

𝑅𝑚
𝐻 (𝜃, 𝑡) for ℎ𝑒𝑎𝑡𝑖𝑛𝑔 process

, 

where: 

(6)              𝑅𝑚
𝐶 (𝜃, 𝑡) =

𝑅𝑚𝑎
𝐶 (𝑡)

1+𝑒𝑘𝑚
𝐶 (𝜃−𝛽𝐶)

+ 𝑅𝑚𝑏
𝐶 (𝑡), 

(7)            𝑅𝑚
𝐻 (𝜃, 𝑡) =

𝑅𝑚𝑎
𝐻 (𝑡)

1+𝑒𝑘𝑚
𝐻 (𝜃−𝛽𝐻)

+ 𝑅𝑚𝑏
𝐻 (𝑡), 

(8)                  𝜃 = 𝑇 − 𝑇𝑜𝑡, 

with ( 𝐶 ,𝐻 superscripts have been omitted intentionally for simplicity): 

𝑅𝑚𝑎(𝑡), 𝑅𝑚𝑏(𝑡) – model parameters, 

𝑘𝑚 – temperature constant, 

𝜃 – difference between the wire temperature and ambient temperature, 

𝛽 – „average” transformation temperature. 

 

Note that there is a significant difference between this model and the one depicted previously. Modelling of 

martensite fraction value changes after reversing heating process into cooling process (and cooling into 

heating, as well) is allowed here. In case of only one of that processes, parameters 𝑅𝑚𝑎
𝐶 (𝑡), 𝑅𝑚𝑏

𝐶 (𝑡), 𝑅𝑚𝑎
𝐻 (𝑡), 

𝑅𝑚𝑏
𝐻 (𝑡) are constant. Under other conditions, these parameters are considered to be variables. Furthermore, in 

case of reversing heating or cooling process, before phase transformation is completed, the minor hysteresis 

loops are modelled. These loops occur for 𝑅𝑚𝑎
𝐶 (𝑡) < 1 or/and 𝑅𝑚𝑏

𝐶 (𝑡) > 0 (for heating 𝑅𝑚𝑎
𝐻 (𝑡) < 1 or/and 

𝑅𝑚𝑏
𝐻 (𝑡) > 0). Major loops examples are shown in Fig. 3 and minor loops examples are presented in Fig. 4.  
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Fig. 3. Major loops of  𝑅𝑚 as a function of 𝜃 for different load condition. Author’s analysis based on [2]. 

 

Fig. 4. Minor loops of  𝑅𝑚 as a function of 𝜃 for: 

a) 𝑅𝑚𝑎
𝐶 (𝑡) =  𝑅𝑚𝑎

𝐻 (𝑡) = 𝑅𝑚𝑎(𝑡), = 0,8; 𝑅𝑚𝑏
𝐶 (𝑡) =  𝑅𝑚𝑏

𝐻 (𝑡) = 𝑅𝑚𝑏(𝑡)  = 0 – green, 

b) 𝑅𝑚𝑎
𝐶 (𝑡) =  𝑅𝑚𝑎

𝐻 (𝑡) = 𝑅𝑚𝑎(𝑡), = 0,7; 𝑅𝑚𝑏
𝐶 (𝑡) =  𝑅𝑚𝑏

𝐻 (𝑡) = 𝑅𝑚𝑏(𝑡)  = 0,3 – grey. 

Author’s analysis based on [2]. 

 

3. Mechanical models 
 

 

There are a lot of models describing mechanical behaviour of shape memory alloys [5] [12] [14]. This work 

focuses on Preisach models mentioned in [14] and models publicated by A. Pai in [5] [12]. All the above are 

macroscopic phenomonological models [5] [12] [14]. The Preisach models has been used by a number of 

researchers [14]. It is not suprising due to their generality [14]. The models presented by Arathi Pai are also 

simple, especially model from [12]. Let us consider the first mechanical model from [12]. The author of [12] 

considers the wires as a 1D problem with uniaxial force. He reviews two options of the model – a parralel 

𝑅
𝑚
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model and a series one. The first one assumes that shape memory alloy is a compound of a parallel connection 

of martensite and austenite layers. The latter is similar but it assumes a series connection of the mentioned 

phases. Let us consider only the first one. The parallel configuration of layers means that the same strains apply 

to both martensite and austenite layers. It can be described as follows [12]: 

 

(9)                       𝜀 = 𝜀𝑎 = 𝜀𝑚, 

 

where: 

𝜀 – strain of the SMA, 

𝜀𝑚 – strain of the martensite layer, 

𝜀𝑎 – strain of the austenite layer. 

 

Additionally, this configuration implies that a stress of the SMA is a weighted linear combination of the stresses 

of both layers, where martensite fraction (𝑅𝑚) and (1 − 𝑅𝑚) are weights [12]: 

 

(10)            𝜎 = 𝑅𝑚𝜎𝑚 + (1 − 𝑅𝑚 )𝜎𝑎, 

 

where: 

𝜎 – stress of the SMA, 

𝜎𝑚 – stress of the martensite layer, 

𝜎𝑎 – stress of the austenite layer. 

 

Fig. 5. Parallel mechanical model of SMA. Prepared based on [12] 

 

The framework assumes modelling of stress vs. strain characteristics of pure martensite and pure austenite 

with the use of linear functions. It allows us to model curves for loading, unloading and reloading processes, 

and to determine 𝜎𝑚 and 𝜎𝑎 for a strain 𝜀 of the SMA, including its previous values. That data are sufficient 

to compute stress vs. strain curve of SMA for any martensite fraction value [12] . For more details, please see 

[12]. The exemplary simulated characteristics are shown in Figure 6.  
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displacement 

7th European Conference on Structural Control                                                                                                           Warsaw, July 10-13, 2022

256



 

 

 
Fig. 6. Simulated stress vs. strain loading and unloading curves for pure martensite and pure austenite for 

exemplary input data. Author’s analysis based on [12]. 

 

The next model presented by Arath Pai in [5] is also used to model stress vs. strain characteristics of the 

martensite and austenite phases. However, it utilizes the continuous and differentiable equations. Exemplary 

plots for loading process are depicted in Figure 7 below. The considered framework allows to simulate  

a behaviour of martensite and austenite for both monotonic as well as cyclic loading and unloading [5]   

 

 

  

 

 

 

Fig. 7. Simulated stress vs. strain loading curves for pure martensite and pure austenite. Author’s analysis 

based on [5]. 
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4. Two antagonistic SMA wires model 
 

The approach is similar to previously presented by T. Ikeda et al. in [13] but it exploits a parallel mechanical 

model of SMA form [12]. The SMA model under consideration assumes that: 

• SMA wires are heated and cooled down alternately,  

• 𝑅𝑚
𝑆𝑀𝐴1 < 1 <=> 𝑅𝑚

𝑆𝑀𝐴2 = 1,  

• 𝑅𝑚
𝑆𝑀𝐴2 < 1 <=> 𝑅𝑚

𝑆𝑀𝐴1 = 1. 

Fig. 8 presents a scheme of two SMA stress vs. strain characteristics. It distinguishes twelve phases while 

shape memory alloy wires are alternately heated and cooled down. During all the process, a pair of SMA wires 

changes their characteristics and equilibrium point is determined. The initial condition which defines the first 

phase (Fig. 8) assumes that two wires are in the martensite state. Moreover, the wire 1 is fully pre-strained and 

the wire 2 is unstrained. The equilibrium point is indicated by the red circle in Fig. 8. During Phase 2, the wire 

1 is heated and its stress-strain curve rises up. Then the wire 1 shrinks and the wire 2 expands. In Phases 3 and 

4, the heating of the wire 1 continues so that the thermal-induced martensite phase reorients into the stress-

induced martensite phase and the wire 2 expands further. 

 

Fig. 8. Concept of the model of antagonistic pair of wires. The model includes twelve phases of alternating 

heating and cooling of the wires (1)-12)) 

 

Phase 5 presents cooling of the wire 1. Its curve falls, which causes expansion of the wire 1 and a shrinkage of 

the wire 2. The characteristic of the latter exhibits an inner hysteresis loop. This process lasts from Phase 5 to 

Phase 8 when the equilibrium point, which indicates a placement of the connection of the wires, moves a little 

to the right until the wire 2 is fully unstressed. Although the wire 1 backs to the martensite, it does not return 

to its initial condition.  

Next, the wire 2 is heated. Its stress vs. strain curve rises up and the equilibrium point moves to the right 

through the inner hysteresis loops of both of the wires. The process lasts from Phase 9 to Phase 12, until heating 

7th European Conference on Structural Control                                                                                                           Warsaw, July 10-13, 2022

258



of the wire 2 finishes. Note that an analogous situation was observed in Phase 4. The alternating heating and 

cooling of the wires cause similar situation like shown already in Phases 5-12. 

4. Results 

The presented concept of the model of antagonistic work of two SMA wires was implemented into numeric 

computing software. The model had two inputs: a martensite fractions of first SMA wire 𝑅𝑚
𝑆𝑀𝐴1 and  

a martensite fraction of second SMA 𝑅𝑚
𝑆𝑀𝐴2. Strains and stress for these two wires were outputs. To validate 

the model, the signals representing  alternating heating and cooling of the SMAs (Fig. 9) were used as inputs. 

The results of this simulation were used to generate stress vs. strain characteristic of the wire 1, which 

represents a behaviour of the system of two wires. The depicted curves represent changes of the first SMA’s 

strain after: 

• heating SMA wire 1 (Fig. 10a), 

• heating and cooling SMA wire 1 (Fig. 10b) 

• heating and cooling SMA wire 1 and then SMA wire 2 (Fig. 10c). 

Fig. 10d presents stress vs. strain curve for alternating heating and cooling of both wires. 

Fig. 9 Exemplary input signals. 

The results of the simulation are consistent with the description of the model which was discussed in the 

previous paragraphs. A further development of the model and its comparison with an experimental data are 

planned to be a subject of another study.  
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Fig. 10 Stress vs. strain curves as results of the simulation. 
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Abstract 

 
The laser-based non-contact micro-adjustment method is widely applied in manufacturing and assembly of 

micro-electro-mechanical and micro-opto-electro-mechanical systems (MEMS and MOEMS). Due to 

miniaturization requirements and design considerations the access to these devices is frequently possible 

from one side only. This creates difficulties when laser-induced two-way micro-bending is needed – both 

towards, as well as away from the applied laser beam. Presented paper reports experimental and numerical 

investigations of a thermal micro-bending mechanism, which enables such adjustments, dependent on the 

applied processing parameters and using simple prismatic bar. A 3D finite element method (FEM) model has 

been developed to study the behaviour of a cantilever stainless steel beam heated with a stationary laser 

beam. Experimentally-validated numerical model allowed an analysis of temperature, strain and stress fields 

during the heating and cooling cycle to explain the mechanism of laser-induced micro-deformation. 

 

Keywords:  

laser forming, laser bending, non-contact adjustment, micro-adjustment, applied thermomechanics 

 

1. Introduction 
 
Application of laser technology makes it possible to perform highly accurate adjustment of components, 

which are difficult to access using traditional tools and are sensitive to mechanical forces. The energy input 

by the laser beam into the work-piece can be easily and precisely controlled. Since 1980’s laser-induced 

micro-deformations are applied in manufacturing processes of the electrical and electronic industry, e.g. in 

production of miniature electric relays [1] and hard disk drives [2-4]. The leading companies of the sector 

have patented numerous practical solutions based on local laser heating of metallic and non-metallic 

materials that allow precise, non-contact (remote) and fast micro-scale shape corrections for positioning and 

alignment of parts and sub-assemblies, such as magnetic read/write heads, optical fibers, lenses and 

photodiodes [5-9].  

Adjustment of critical dimensions with micrometer or milliradian accuracy in small metallic components is 

applied with laser-driven actuators during assembly stage in mass-production and it allows relatively large 

tolerances in the preceding production stages [10]. The high precision and cost-effectiveness in the assembly 

technology of micromechatronic systems is achievable due to the concept of the “on-board” (integrated) 

actuators, which are parts of the final product [10, 11]. The potential of the laser beam as a means of energy 

transport for optothermal microactuation is intensively investigated to expand practical applications of 

micro-opto-electro-mechanical systems (MOEMS) [12, 13]. Alignment accuracy 0.1 micrometer in mass-

production of photonic devices operating in the near-UV wavelength range was addressed with the laser-

driven three-bridge actuator concept [14, 15]. Effective analytical model was developed to describe 

behaviour of two-bridge actuators [16]. A separate direction in research on laser-controlled micro-adjustment 

is related to the application of shockwaves generated using nano-, pico- or femtosecond laser pulses [17-20],  

The three fundamental mechanisms of laser thermal forming identified to date are: the temperature gradient 

mechanism (TGM), the upsetting mechanism (UM) and the buckling mechanism (BM) [21]. Dependent on 

laser processing parameters, part dimensions and topology, different shape changes are produced by pulsed 
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or continuous local heating of the material [22, 23, 24]. The temperature gradient mechanism has a drawback 

of producing bends always in one direction, i.e. towards the heat source (e.g. the laser beam). Such 

deformation is termed concave [25] or positive [26] bending in the literature and the related angular 

deformation is assumed positive in this work. The opposite deformation is termed convex [27] or negative 

[26] bending. 

Lee and Lin [28] investigated deformation of a 304 stainless steel plate heated with a line-shaped CO2 laser 

beam. One case of negative bending was observed for a stainless steel specimen (0.5 mm thick, 150 mm 

long) in the cantilever arrangement, for laser power 1 kW and heating time 0.5 s, where material melting 

occurred.  

Wang et al. [29] presented research on dynamic micro-deformations of cantilever beams made of St14 and 

C45 steels and heated with a CO2 laser beam of the Gaussian intensity distribution. They attributed the 

negative final angular deformation of a C45 carbon steel sample to the effect of the martensitic 

transformation and the involved volumetric expansion of the heat-affected region near the laser-heated 

surface. 

Zhang and Xu [30] analysed laser bending of silicon microcantilevers, which are applied in extremely 

sensitive physical, chemical and biological sensors, e.g. in the atomic force microscopy. The laser beam of 

wavelength 524 nm (a frequency doubled Nd:YLF laser) operated with 20 ns pulses and 2 kHz repetition 

rate. The laser spot of diameter 8 micrometers traversed across 0.6 micrometer thick silicon cantilever. The 

obtained sensitivity of bending was 3.5 microradian. The microcantilever tip deflection was about 1.3 nm at 

14 microradian bending angle. The authors indicated that such a technique is simple to implement and very 

useful for applications involving arrays of cantilevers for parallel chemical and biological sensing. However, 

its limitation is the one-directional bending only, always towards the laser beam. 

A considerable difficulty in application of laser actuator technology arises when a component to be processed 

is accessible from one side only. To solve such a problem specially designed actuators were proposed [10, 31, 

32]. In the so-called actuator with embossment, the positive or negative bending can be achieved dependent 

on the location of the thermal upsetting material region (above or below the neutral axis of the component 

cross-section) [10]. 

In order to achieve the bi-direction control of the bending deformation a two-stage technique has been 

invented by which the positive bending is produced with the temperature gradient mechanism, while the 

displacement in the opposite direction is produced due to laser-induced material annealing [33, 34]. However, 

such technique requires at least two applications of laser heating, using different processing parameters, and 

followed by cooling periods.  

Presented paper reports experimental and numerical investigations on a thermal micro-bending mechanism, 

which enables deformation of a simple prismatic bar either towards or away from the laser beam, dependent 

on the applied processing parameters. A 3D finite element method (FEM) model has been developed to study 

the behaviour of a cantilever stainless steel beam heated with pulses of a stationary laser beam. 

Experimentally-validated numerical model allowed an analysis of temperature, strain and stress fields during 

the heating and cooling cycle. 

 
2. Experiments 
 

Samples of dimensions 50 x 4.05 x 0.55 mm made of 18-8 type stainless steel, clamped in the cantilever 

arrangement, were heated with a stationary Nd:YAG laser beam (Fig. 1). They were annealed prior to laser 

bending experiments in 400°C for a half an hour in order to reduce initial residual stresses and to increase 

coupling of laser radiation due to the created oxide layer. The transverse electromagnetic mode TEMmn of the 

applied laser beam exhibited a multimode character. The laser beam was defocussed to obtain a spot of 

diameter 3.6 mm on the material surface. The spot was located on the longitudinal axis of symmetry of the 
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specimen (Fig. 2). Laser operated in the continuous wave (CW) mode. Fluctuations of the laser beam power 

were estimated as ±5% of the nominal value. Accuracy of pulse time duration was approximately ±0.05 s. 

 

 
Fig. 1. Schematic of the laser bending experimental setup.  

The definition of the positive angular deformation 0 . 

 

Non-contact deformation measurements were performed with a high-accuracy CCD micrometer Keyence 

LS-7070M. In order to achieve a high accuracy of optical measurements, an additional element of high-

quality surface and low mass (a syringe needle) was attached to the specimen. Its displacement was 

measured and recorded during laser heating and after cooling down the sample to the initial material 

temperature. Fast deformation measurements were required during the phase of laser irradiation, while the 

highest accuracy was needed to precisely measure the final value of angular deformation. Both requirements 

were satisfied by dynamic control of the averaging number parameter of the optical micrometer.  

Angle   of the bending deformation induced by the laser pulse was calculated from the linear vertical 

displacement w  (Fig. 1) measured with the micrometer. The following formula was used: 

)/arctan( rw , where r  is the distance between the laser spot centre and the measurement location ( 

8.48r  mm). Angular deformation is considered positive (concave) when the moving segment of the 

specimen rotates in the direction of the incident laser beam ( 0 ), as show in Fig. 1.  

 
3. Numerical simulation 

 

Numerical simulations were conducted using the Finite Element Method (FEM). The thermal-mechanical 

sequentially coupled analysis was conducted in two separate steps: (1) determination of temperature field 

under prescribed heat load and boundary conditions, and (2) elastic-plastic incremental analysis of stress and 

strain due to the calculated temperature field. The calculations were performed with the ABAQUS system 

[35]. Energy input from the laser beam was treated as a surface heat source, since the absorption of the 

infrared radiation by metals is typically confined to a layer several tens of nanometres thick. Three-

dimensional linear finite elements with 6 and 8 nodes were used: wedge elements DC3D6 and hexahedral 

DC3D8 for thermal problem, and compatible elements C3D6 and C3D8 for mechanical problem. Ten layers 

of elements were applied in the thickness direction of the specimen in order to accurately model the gradient 

of temperature and the bending effect. Only one half of the specimen was modelled taking the advantage of 

its symmetry. The spatial profile of power density over the laser beam transverse cross section was 

approximated by a top-hat model of constant intensity. The absorption coefficient of laser radiation by the 

material was assumed 0.77, as typical for the laser radiation of 1.06 micrometer wavelength incident on the 

stainless steel surface covered with oxide layer. The laser spot location is shown in Fig. 2, while Fig. 3 

presents the mesh of finite elements in that region. Heat dissipation through free convection and radiation 

was taken into consideration in the numerical model.  
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Fig. 2. Laser spot location. 

 
 

Fig. 3. A mesh of finite elements in the laser spot region. 

 

Thermal dependences of the following material properties were taken into consideration: thermal 

conductivity, specific heat, thermal expansion coefficient, Young’s modulus, Poisson’s ratio and density [36]. 

In order to achieve possibly high modelling accuracy, the yield stress dependence on temperature was based 

on data presented by Chen and Young [37] for the austenitic stainless steel. Their characteristics were 

recalculated using the room temperature yield stress value 234 MPa for the steel used in this research [38]. 

The Huber-Mises-Hencky yield criterion was employed in modelling of material behaviour. 

 
5. Results and discussion 

 

In order to clearly present the bend angle time-runs during laser heating and the subsequent material cooling, 

the logarithmic axis for the process time is employed in Fig. 4. During the phase of heating the specimen 

bends with negative angular deformation due to the presence of a high temperature gradient over the material 

thickness. Plastic (tensile) deformation starts to appear in the edge regions of the specimen after 

approximately 0.05 s of laser heating. The final bend angle values after laser irradiation for 1.05 s were: (1) 

positive for laser beam power 59 W, (2) close to zero for power 46.3 W and (3) negative when the power was 

36.2 W. The comparison of experimental and numerical simulations results (Fig. 4) shows a good agreement.  

 

 
 

Fig. 4. A comparison of experimental and numerical time-runs of the bend angle for pulse length 

1.05 s, laser spot diameter 3.6 mm and laser power 36.2, 46.3 and 59 W. 
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Using the experimentally-validated numerical model, the negative bending behaviour was further analysed in 

cases when the laser beam power was 36.2 W and the pulse length was 0.25, 0.5 and 0.75 s (Fig. 5). Results 

of numerical simulations show that the effect of negative bending can be achieved and controlled by suitable 

selection of laser beam power and the duration of the laser irradiation. A similar thermomechanical 

behaviour was observed and analyzed by Mucha at al. [39] and in a research with the moving laser beam [40, 

41].  

 

 
 

Fig. 5. Bend angle dependence on the pulse length 

for negative bending deformation cases. 

 
 

Fig. 6. Temperature distribution at time 1.05 s 

(power 36.2 W, deformation scale factor 20). 

 

An example of the calculated distribution of material temperature is presented in Fig. 6 (power 36.2 W, pulse 

length 1.05 s). A similar distribution was obtained for laser beam power 59 W, but with the maximal 

temperature value 938 °C, while for power 36.2 W it was 635 °C. 

 

 
(a) 

 
(b) 

 

Fig. 7. Longitudinal stress component S11 at time 1.05 s: (a) power 36.2 W, (b) power 59 W. 

Deformation scale factor 1 
 

Figures 7 (a) and (b) show differences in distribution of the longitudinal stress component S11 in the region 

of laser spot, at the end of laser pulse 1.05 s, for laser beam power 36.2 W and 59 W, respectively. The 

characteristic of thermomechanical response for the case of power 36.2 W is the occurrence of high tensile 

stress zones in the edge regions, while for the power 59 W such zones are located close to the longitudinal 

axis of symmetry. In both cases the central region located directly under the laser spot is initially under 

compression due to thermal expansion of the material, with gradually occurring effect of the yield stress 

decrease with the increase of temperature.  
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(a) 

 
(b) 

 

Fig. 8. Longitudinal plastic strain component PE11 in the final state:  

(a) power 36.2 W, deformation scale factor 500, (b) power 59 W, deformation scale factor 100. 
 

As a result of intense longitudinal stretching in the edge regions, long zones of positive longitudinal plastic 

strain component PE11 occur there for power 36.2 W, after laser heating for 1.05 s and subsequent cooling 

the material down to the initial (room) temperature (Fig. 8a). In the case of power 59 W, the material 

stretching regions are much smaller, while the central region of negative strain PE11 is considerably larger 

(Fig. 8b). In both cases the laser pulse length was 1.05 s, and the thermal load differentiated only in the 

applied power. The specimen behaviour in the case of the smaller heating power resembles the effects of the 

buckling mechanism, hence the final angular deformation is negative, while for the higher power the 

processing conditions favour the temperature gradient mechanism to play a more pronounced role in the 

deformation process. Maximal difference between temperatures of the upper and bottom specimen surface is 

46 ºC for laser power 36.2 W, and 74 ºC for laser power 59W.  

 
6. Conclusions 

 

Presented experimental investigations and numerical simulations explained mechanism of bi-direction laser-

induced micro-bending. It was found that the final angular deformation of a prismatic cantilever beam, 

heated from one side with a stationary laser beam, can be negative or positive, dependent on the applied laser 

power. The magnitude of angular deformation can also be controlled with the laser pulse duration. The 

studied mechanism of bending involves a significant positive longitudinal plastic strain in the edge regions of 

the beam. Final deformation of the beam is a combined result of the negative longitudinal strain in the central 

region and the positive strain close to the edges, with a contribution of the out-of-plane deformation due to 

the temperature gradient across the thickness direction. Negative laser micro-bending may find numerous 

practical applications in manufacturing of MEMS and MOEMS, as the miniaturization and integration 

requirements usually limit the access to these devices to one-side only. 
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Abstract

The in-wheel motor (IWM) is an encouraging development for the propulsion of electric vehicles since it
provides improved torque vectoring capabilities and vehicle packaging efficiency than a more traditional mo-
tor mounted to the chassis. However, the increase in unsprung mass can increase body vertical acceleration
(BVA, worsening ride comfort) and tyre dynamic load (TDL, worsening roadholding), thereby negatively
affecting vehicle dynamics. Another consideration is that of the relative deflection between the motor stator
and rotor, which is termed magnetic gap deformation (MGD). Reducing this improves the longevity and
reliability of the motor. This study considers the reduction of BVA, TDL and MGD by including inerters in
the strut and bushes. By optimising the bushes for MGD results in a reduction of deflection in excess of 80%
without a compromise to the other performance indices. After this, inerter-based absorbers are included in
both of the bushes and the strut and optimised as one. As a result of this, BVA and TDL show improve-
ments of 20% and 8% respectively without worsening MGD. It is concluded that there are large potential
improvements in performance where inerter-based absorbers are included in an in-wheel motor system.

1 . Introduction

An EV is normally created by fixing the electric motor to the vehicle body or chassis (the sprung mass) and
driving the wheels via driveshafts. This propulsion method is known as a chassis-mounted motor. The other
method to power an EV is to use an in-wheel motor (IWM). The IWM is not a new idea. The original IWM
patent was filed in 1884 [1], and the first IWM powered vehicle was the 1900 Lohner-Porsche [16].

The IWM can provide many benefits in comparison to the chassis-mounted motor. These include improved
drivetrain efficiency after the removal of driveshafts, and more effective torque vectoring capabilities [16]. It
also permits an improved efficiency of drivetrain packaging, which leads to greater vehicle interior space [16].

However, the primary disadvantage of the IWM is the increase in unsprung mass which occurs. Unsprung mass
has a negative impact on system dynamics and driveability characteristics. Examples of these negative effects
include worsening the ride comfort and road holding [2, 4]. As a result, it is important to reduce the negative
impact the IWM can have to the vehicle dynamics through the design or optimisation of the IWM system itself.

Since the IWM was originally suggested, several studies have considered IWM modelling [3]. Examples of
these include suggesting novel designs to counteract some of the downsides that the IWM has [15,17,18,23,25].
These have included reducing the unsprung mass through a reduction in the size of the motor body itself,
without compromising performance [23]. Meanwhile, other papers considered isolating the stator and rotor
from the system using rubber bushes [15, 25], or transferring the stator mass to the sprung mass [17, 18].
Various authors have also investigated active suspension systems to counter the impact that the IWM has on the
dynamics of the vehicle [9, 11, 13, 27].

An important consideration when designing an IWM is magnetic gap deformation (MGD). This is defined as the
relative deflection between the rotor and stator. This deflection will result in an unbalanced radial magnetic force
being induced. This then acts, (in addition to the existing road input), as a destructive input to the system [26].
Therefore, reducing MGD is imperative to limit this unbalanced radial magnetic force. In doing this, a simplified
modelling strategy (where the radial magnetic force is neglected) can be used (as in [25]). Reducing the MGD
has also been considered by previous authors. An example of this is where Luo & Tan [15] found that through
isolation of the rotor and stator from the unsprung and sprung masses respectively can reduce MGD when
compared to a traditional three mass model (their proposed IWM model uses five masses). This study will
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improve upon their solution of using rubber bushes by incorporating inerter-based absorbers into both the strut
and the bushes.

The inerter is a recent development in passive vibration absorption. It provides a force which is proportional to
the relative acceleration between its two endpoints, and as a result is the mechanical equivalent of an electrical
capacitor [20]. The inerter has been successfully realised hydraulically as a fluid inerter [12,22]. The inerter can
also be mechanically constructed as a ball-screw device [24] or a flywheel-based device [20]. These realisation
methods allow the inerter to provide much higher inertance values than the mass of the device itself. This iner-
tance affects the phase and magnitude of the system dynamics. The inerter has been successfully incorporated
into the civil [6, 14], automotive [21, 24] and railway [5, 7, 8] industries. However, it has not yet been included
into an IWM system. This study will focus on this application.

The Hall-Bush fluid integrated bush has been utilised in railway vehicles for several years, and can be modelled
as a damper in parallel and series with a spring [7]. Additionally, Lewis et. al. [7] suggests an inerter-integrated
bush for use in a railway application. This bush is shown to improve on the performance of the traditional
Hall-Bush device. This study will build on this work, by proposing and numerically assessing a similar concept
which is for use in an automotive IWM.

After the inerter was introduced, the force-current analogy between the mechanical and electrical domains could
be completed. This meant that the complete range of network synthesis theories for electrical systems could then
be applied directly to a given mechanical system. This then extended the number of possible absorber layouts,
and increased their ability to change the system dynamics. The structure-immittance approach was proposed
by [28] to permit this design methodology. This takes a set number of springs, dampers and inerter circuit
elements and proposes a set of generic absorber networks. These networks give transfer functions, which can
then be simplified to provide an individual transfer function for any given absorber network. This is particularly
useful if several absorber layouts are to be considered and optimised - such as here. This method has been
successfully used previously in an automotive context, and hence it is appropriate to adopt this methodology
for this specific application [29].

This paper will utilise a completely passive vibration absorbing method for an IWM, where inerter-based ab-
sorbers are incorporated into the suspension strut and bushes. This then permits the consideration of some key
issues apparent in an IWM system. The key issues selected for this study are the worsened ride comfort and
roadholding that results when an IWM is included in a vehicle. This study will also focus on reducing MGD to
improve the motor reliability and longevity.

2 . Models and methodology

2.1 . Introduction to the in-wheel motor model

The IWM considered here is an outer rotor IWM. This means it is direct drive, and hence is simpler and more
robust than an inner rotor IWM, (which would require a reduction gear) [10]. The model used has the stator
and rotor supported by rubber bushes. This means it differs from the more tradition IWM model which has
these fixed rigidly to the wheel hub and rim respectively. These rubber bushes have been shown previously,
by [15], to reduce MGD. This MGD can result in an additional source of excitation, in addition to the road
input (x0), being created. This is because it can generate a nonlinear unbalanced radial magnetic force, as
discussed by [26], when the stator and rotor deflect relative to each other. Therefore it is useful to constrain or
reduce MGD (see Section 2.2) to prevent the undesirable unbalanced radial magnetic force being induced.

The rubber bushes and suspension strut can be modelled as the parallel connection of a spring and damper.
In Section 3.2, an inerter-based absorber will replace the damper. The bushes and strut are therefore modelled
using a spring in parallel with a generic network, to allow this replacement to occur. This is shown in Figure 1,
(with the parameters and corresponding values presented in Table 1).

The overall system static stiffness must be kept the same, regardless of the optimised parameter values. This
is because the vehicle performance and response characteristics are determined by the static stiffness. As a
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Figure 1: The IWM model considered in this study. This has been adapted from [15].

result of this, the static stiffness will remain fixed to the values shown in Table 1 throughout. This is the reason
why generic networks replace the dampers alone, (and not the spring and damper together). This also requires
layouts III-1 and III-8 (Figure 2) to have a stiffness (k) of zero. Due to the nature of their component layouts,
any stiffness value reached would add to the (fixed) static stiffness of the system and increase it. As a result,
they can be considered two element layout networks.

The generic networks represent the force-velocity structural-immittances of a given absorber network, through
an approach first derived by [28]. It is these force-velocity admittances which permit the consideration of a
complete range of alternative networks to the pure dampers, (as in the original model). In this study, up to three

Table 1: IWM parameter descriptions and corresponding values, reproduced from [15].
Parameter Value Description

m1 60 kg Tyre mass and wheel rim (unsprung mass)

m2 420 kg Vehicle body (sprung mass)

m31 20 kg Wheel hub and brake calliper mass

m32 30 kg Stator mass

m33 20 kg Rotor mass

k1 400 kN/m Tyre stiffness

k2 80 kN/m Primary suspension strut stiffness

k31/k32 50 kN/m Bush stiffness

k41/k42 5 MN/m Bearing stiffness

H(s) - Suspension strut generic network

G(s) - Bush between stator and hub generic network

Y (s) -
Generic network for the bushes between rotor and wheel rim

(which results from the sum of two physical bush locations)
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Figure 2: The absorber layouts considered which were derived through the structure-immittance approach [28].

elements will be considered in each case. These three elements are a single inerter, single damper and single
spring. This results in eight unique networks (Figure 2, layouts III-1 to III-8). Figure 2 also shows a pure damper
(I-1) which represents the baseline to be improved up. The primary reason for using generic networks, rather
than deriving the individual equations of motion every time, is that of ease and simplicity. Changing a transfer
function, rather than re-deriving the equations of motion, allows multiple layouts to be considered quickly in
the optimisations.

The Laplace transformed equations of motion can be described as follows:

(1)

x̂1(m1s
2 + sY (s) + [k1 + k32 + k41])− x̂0(k1)− x̂33(sY (s) + k32)− x̂31k41 = 0

x̂2(m2s
2 + sH(s) + k2)− x̂31(sH(s) + k2) = 0

x̂31(m31s
2 + s[H(s) +G(s)] + [k2 + k31 + k41])− x̂2(sH(s) + k2)−

x̂1k41 − x̂32(sG(s) + k31) = 0

x̂32(m32s
2 + sG(s) + [k31 + k42])− x̂31(sG(s) + k31)− x̂33k42 = 0

x̂33(m33s
2 + sY (s) + [k32 + k42])− x̂1(sY (s) + k32)− x̂32k42 = 0

where x̂ denotes the Laplace transformed x, s is the Laplace variable and all other terms are as previously
defined. The Laplace transformed equations of motion are preferable for the analysis. This is because they
allow for the frequency domain objective functions to be used (see Section 2.2).

2.2 . Performance indices

There are several different performance indices that could be used to define the performance quality when
optimising a suspension system. Here body vertical acceleration and tyre dynamic load are taken as objective
functions. They are described through the work of [21] as follows:

(2) J1 = 2π(V κ)
1
2 ||sTx̂0→x̂2 ||2

(3) J3 = 2π(V κ)
1
2

∣∣∣∣∣∣∣∣1sTx̂0→k1(x̂1−x̂0)

∣∣∣∣∣∣∣∣
2

where J1 denotes the body vertical acceleration (the ride comfort metric) and J3 the tyre dynamic load (a
roadholding metric). Here Tâ→b̂ denotes the transfer function between â and b̂, x0 the road input, V the vehicle
velocity and κ the road roughness parameter, ||·||2 represents the standard H2 norm and all other terms are as

7th European Conference on Structural Control                                                                                                           Warsaw, July 10-13, 2022

273



previously defined. The differentiator term (s) in J1, and integrator (1s ) term in J3 denotes that they correspond
to relative acceleration and relative displacement respectively.

An equivalent metric for MGD, (termed Jm in this study for consistency to the J1 and J3 metrics) is also
derived, as follows:

(4) Jm = 2π(V κ)
1
2

∣∣∣∣∣∣∣∣1sTx̂0→x̂33−x̂32

∣∣∣∣∣∣∣∣
2

where all terms are as previously defined. Road velocity profiles can be assumed to approximate a white noise
input [19]. As a result, the vertical road velocity input x̂0 is taken to be white noise throughout this study.

The linear damping parameters (as well as the values in Table 1) are obtained from [15]. Additionally, the
vehicle velocity (V = 60 kph) and road surface roughness (κ = 5 × 10−7 m3/cycle) parameters are obtained
from [21]. These are used to obtain the benchmark performance values. The default damping value is set at
5000 Ns/m for the strut, and 200 Ns/m for the bushes. The benchmark performance values are as follows:

(5)
J1 = 1.492m/s2

J3 = 953.9N

Jm = 7.436µm

which will be used as constraints in future optimisations.

3 . Optimal absorber configurations identification

It is important to ensure a global minimum is found in any optimisation. Whilst it is difficult, and sometimes
impossible, to guarantee that this has been found, there are a few techniques that can be used to reduce the
chance of the global minimum being missed. Optimisation uses MATLAB and a ‘sequential’ approach.

The first optimisation step uses ‘particleswarm’, with the initial conditions spaced logarithmically through the
boundaries provided to the solver. These solutions are then provided to ‘patternsearch’ before being given to
‘fminsearch’. After each of these stages, the optimised solution gradually gets finer and closer to a global
optimum.

3.1 . Strut optimisation

Firstly, the strut is optimised for J1 and J3 across all the layouts shown in Figure 2 including the damper. When
optimising for J1, J3 and Jm have constraints applied to them. Then, when J3 is optimised, the constraints are
applied to J1 and Jm.

The strut optimisation results for both J1 and J3 only provided limited improvements over the pure damper.
J1 was reduced by 4.26%, and J3 by 1.28%. In both situations, it was layout III-5 which provided the best
performance improvement. Whilst it is clear that including an inerter can provide some performance benefit
compared to a single damper (I-1), these benefits are only minimal. The damper alone was also optimised
separately, and this provided no performance improvement over the default.

One important point to note is the value of Jm in both optimisations. The value for Jm was equal to that of
the default (7.436 µm) for both. This suggests that the Jm constraint plays an important part in limiting the
potential performance improvements to the system, and thus it should be a focus to control Jm.

3.2 . Bush optimisation

Figure 1 showed that generic absorber networks were included in the place of the damper in the bushes (G(s)
and Y (s)). This section considers the optimisation of these bushes for Jm to see how far the deflection can be
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Table 2: The results of optimising the bushes for Jm with all constraints applied. The bushes are individually
optimised and then optimised together. Only inerter bushes are shown here to see the largest performance
improvement possible.

Parameter

Values
Default Tune G(s) Tune Y (s)

Tune G(s)

and Y (s)

J1 (m/s2) 1.492 1.471 1.487 1.461

J3 (N) 953.9 944.5 952.5 953.9

Jm (µm) 7.436 6.780 8.83% 5.251 23.4% 1.221 83.6%

b (kg) - 0.2527 - 2.907

c (Ns/m) 200.0 425.7 200.0 2351G
(s

)

k (N/m) - 0

cck bbck b

-

cccc

666800
cc

k

bb

c

k

b

b (kg) - - 5.270 95.30

c (Ns/m) 200.0 200.0 287.9 1347Y
(s

)

k (N/m) - -

cccc

12430
bb

cc k

b

c k

367.5
cc

bb

k

c

b

k

reduced, based on conclusions made in Section 3.1.

As previously discussed, a railway Hall-Bush inspired fluid-based bush is proposed by [7]. This allows for
inertance to be incorporated into the bush through careful design of the fluid channels inside the bush. To
numerically compare the possible performance improvement which can be obtained by incorporating an inerter
into the bush, initially the damper bush alone is optimised. Here the best possible performance improvement is
15.0% over the default if both bushes are optimised.

The results in Table 2 show a significantly more promising improvement in performance in comparison to only
considering dampers. Here over 80% improvement can be provided compared to the default MGD value. This
improvement in performance, from a 15% reduction to an 80% reduction neatly illustrates the benefit an inerter
can provide to a system.
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Figure 3: Frequency domain response for optimised bushes.
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Table 3: The results of optimising all parameters in a single pass for J1 and J3 with all constraints applied. The
bushes considered are the three best performing bush combinations from the previous step.

Parameter

Values
Default

Optimised for J1

J3, Jm Constrained

Optimised for J3

J1, Jm Constrained

J1 (m/s2) 1.492 1.173 21.3% 1.195

J3 (N) 953.9 883.0 871.4 8.66%

Jm (µm) 7.436 7.436 7.436

b (kg) - 230.6 252.5

c (Ns/m) 5000 2416 2287H
(s

)

k (N/m) - 26970
bb

cc k

b

c k

34720
bb

cc k

b

c k

b (kg) - 285.9 107.3

c (Ns/m) 200.0 1256 1032G
(s

)

k (N/m) - 208300
cc

bb

k

c

b

k

157900
cc

bb

k

c

b

k

b (kg) - - -

c (Ns/m) 200.0 568.1 488.0Y
(s

)

k (N/m) - -

cccc

-

cccc

Frequency domain analysis of the system is shown in Figure 3. It is clear to see how the significantly the
response peaks can be reduced at both of the natural frequencies (at around 6.32 and 103 Hz).

This has proven that controlling Jm by optimising the bushes is not only possible, but that it can give excellent
results. The three best performing combinations of inerter-based bushes can be taken and considered when
optimising all of the parameters in a single pass1. This follows in Section 3.3.

3.3 . All parameter optimisation

Since it has been determined that Jm can be reduced through optimal bushes, the limitation on the strut optimi-
sation should be reduced. This should permit greater improvements in J1 and J3, since the Jm constraint will
not be so readily breached. In this step, all of the parameters for both bushes and the strut are optimised in a
single pass.

Table 3 shows the results of this optimisation. One point of note is that the combination of bushes which
provides the best performance is not the same as in Section 3.2. However, Jm is controlled sufficiently to permit
significantly higher performance improvements when compared to optimising the strut alone. To contrast the
previous optimisation results (Section 3.1), J1 can improve by 21.3%, and J3 by 8.66%.

The improvement in J3 is smaller than the improvement in J1. This is due to the definition of J3 (Equation 3)
combined with the bearing stiffness k41 (Figure 1). The unsprung mass (m1) deflection will be mainly as a result
of the force imparted on it by the bearing and the road input. Therefore, the comparatively smaller performance
improvement possible for J3 over J1 follows where the bearing is left unoptimised. It is not advisable however
to compromise the vertical stiffness of the bearing, and therefore this will not be changed or optimised in this
study. As J1 is defined as the acceleration of the sprung mass (m2) relative to the acceleration of the road
profile, it is possible to reduce its value more significantly since the strut (H(s)) lies on that force path.

1It is worth noting that only the single best performing combination of optimal G(s) and Y (s) is shown in this section.
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4 . Discussions and conclusions

This study has explored the validity of incorporating inerter-based absorbers into an in-wheel motor system.
These were incorporated initially into the strut to control body vertical acceleration (denoted as J1 here), and
tyre dynamic load (termed J3). The performance improvement was found at first to be limited. However, this
was then related to the constraint applied to the magnetic gap deformation (termed Jm in this study).

After this, the bushes were updated to include inertance. They could then be optimised for Jm, which resulted
in significant performance improvements (in excess of 80% over the default). Using the inertance based bushes,
the entire system could be re-optimised for J1 and J3 to obtain performance improvements of 21.3% and 8.66%
respectively. These both improve on the case where only the strut was optimised. This work has improved upon
the model proposed by [15], and has addressed many of the issues that are inherent to the traditional in-wheel
motor.

The most important result is the extent to which Jm can be reduced (over 80% compared to the default).
Although this was not the original focus of this work it is still important. This is because the performance of
J1 and J3 would not degrade beyond the default, since constraints were applied to them in the optimisation
process. Meanwhile, the potential longevity and reliability of the motor itself would be improved by reducing
the magnetic gap deformation.
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